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Foreword
In	2009,	the	National	Governor’s	Association	and	the	Council	of	Chief	State	School
Officers	met	to	discuss	the	development	of	common	standards	to	be	used	in	all	states	to
address	the	quality	of	mathematics	instruction	and	student	learning.	As	a	result	of	that
meeting,	the	Common	Core	Mathematics	Standards	were	written	as	a	set	of	shared	goals
and	expectations	to	address	knowledge	and	skills	needed	by	students	at	each	grade	level	to
prepare	them	to	succeed	in	college,	career,	and	life.

As	school	districts	work	to	implement	the	Common	Core	Mathematics	Standards	and	the
Standards	for	Mathematical	Practice,	some	confusion	and	questions	still	exist.	Some
school	districts	are	wondering	whether	their	curriculum	is	rigorous	enough	to	meet	the
Standards,	how	they	can	build	coherence	across	the	Standards,	and	how	to	identify	and	fill
in	gaps	in	their	curriculum.	In	addition,	some	teachers	and	administrators	want	to	know
what	types	of	questions	should	be	asked	to	prepare	students	for	assessments.

Effective	Math:	Shifting	to	Meet	Today’s	Standards	successfully	addresses	rigor	and
coherence,	and	how	to	identify	curriculum	gaps	and	prepare	students	for	assessments.	The
book	focuses	on	how	teachers	can	increase	their	knowledge	of	the	Common	Core	State
Standards,	which	obviously	is	the	key	to	students	increasing	their	understanding	of
mathematics.	The	author	has	effectively	laid	out	a	series	of	lessons,	templates,	and
exemplars	for	practical	classroom	application	that	make	this	book	a	great	contribution	to
the	field	of	mathematics	education.

There	are	several	unique	features	of	the	book	that	will	be	welcomed	by	teachers,
mathematics	coaches,	and	administrators.	Among	these	are:

a	structural	overview	of	the	Common	Core	Content	Standards	and	how	to	teach	them,
along	with	alignment	between	the	Content	Standards	and	the	8	Mathematics	Practice
Standards	found	in	Chapter	1
the	instructional	shift	of	coherence	found	in	Chapter	3	that	shows	mathematics	as	a
progression	with	interconnected	topics	students	must	clearly	understand	versus
merely	memorize
the	instructional	shift	of	rigor	in	Chapter	4	that	includes	examples	of	rigorous
problems	along	with	tools	for	monitoring	instructional	rigor

I	believe	readers	will	find	this	publication	to	be	an	exemplary	resource	to	support	teacher
understanding	and	instructional	implementation	of	the	Common	Core	Mathematics
Standards,	which	will	ultimately	impact	student	achievement	and	prepare	students	for
their	futures.

—Ruth	Harbin	Miles

NCTM	Board	of	Directors

Mathematics	Educator

Mary	Baldwin	College,	Staunton,	Virginia
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Introduction

Understanding	the	Standards
The	Common	Core	State	Standards	in	Mathematics	(CCSS-M)	are	learning	goals	that
outline	what	students	should	know	and	be	able	to	do	in	the	discipline	of	mathematics.	The
standards	were	created	to	ensure	that	all	students	are	college	and	career	ready	when	they
graduate	from	high	school,	an	effort	coordinated	by	the	Council	of	Chief	State	School
Officers	(CCSSO)	and	the	National	Governors’	Association	(NGA)	in	collaboration	with
teachers,	administrators,	and	mathematics	experts.	The	expectation	is	that	teachers	will
now	incorporate	Common	Core	measures	into	their	instructional	practice,	which	will
ultimately	prepare	students	for	21st	century	demands.	Students	must	be	able	to	think
critically,	work	collaboratively,	communicate	effectively,	think	creatively,	and	make	use	of
technological	tools.	How	do	teachers	construct	environments	for	students	to	acquire	21st
century	skills?	This	book	is	designed	to	help	teachers	and	administrators	answer	this
question.	This	book	includes	resources	that	enable	teachers	to	increase	their	knowledge	of
the	Common	Core	State	Standards,	which	is	key	to	students	increasing	their	understanding
of	mathematics.	Not	only	will	teachers	have	the	opportunity	to	increase	their
understanding	of	math	content,	but	they	will	also	learn	how	to	develop	standards-based
lessons	and	measure	students’	understanding	of	the	content	using	authentic	assessment
practices.	The	combination	of	all	of	these	skills	is	often	known	as	pedagogical	content
knowledge.	Specialized	content	pedagogical	knowledge	is	seen	as	a	requisite	for	effective
mathematics	instruction	(Van	Zoest,	Stockero,	and	Taylor	2011).	This	book	is	intended	as
a	guide	for	effective	Common	Core	mathematics	instruction.

Parallel	Sets	of	Standards
The	CCSS-M	represent	the	intersection	of	two	parallel	sets	of	standards.	The	content
standards	define	the	skills	and	knowledge	in	the	discipline	of	mathematics.	These
standards	were	constructed	on	a	series	of	progressions	defined	by	the	natural	structure	of
mathematical	concepts.	Knowledge	of	students’	developmental	readiness	was	also	taken
into	account.	The	content	standards	are	delineated	by	grade	level	for	grades	kindergarten
through	eight.	Conceptual	categories	are	used	at	the	high	school	level.	The	other	set	of
standards	that	run	parallel	to	the	content	standards	are	the	standards	for	mathematical
practice.	The	practice	standards	are	actions,	dispositions,	and	characteristics	demonstrated
by	mathematicians	as	they	negotiate	the	mathematics	content.	The	practice	standards	are
not	a	superordinate	or	subordinate	set	of	standards.	The	two	sets	of	standards	are	designed
to	work	together.	They	should	be	taught	concurrently.

Instructional	Shifts
The	CCSS-M	define	a	set	of	mathematical	expectations,	but	they	do	not	dictate	a
prescribed	curriculum.	Comprehensive	curricula	include	academic	standards,	targeted
learning	objectives,	purposeful	learning	experiences,	and	the	assessment	of	these
experiences.	In	order	to	preserve	the	integrity	of	the	standards	during	instructional



delivery,	alignment	between	the	standards	and	curriculum	should	incorporate	the	three
instructional	shifts	of	focus,	coherence,	and	rigor.

Focus	describes	the	content	that	should	be	emphasized	at	each	grade	level.	Certain
content,	commonly	called	“high-leverage	content,”	has	lasting	implications	for	student
readiness	in	mathematics.	A	majority	of	instructional	time	should	be	allocated	to	content
denoted	as	“major	clusters.”	The	remaining	time	should	then	be	used	to	teach	supporting
and	additional	clusters.	As	a	result,	students	will	have	time	to	develop	an	understanding	of
integral	mathematics	topics	at	their	unique	grade	level.

Coherence	refers	to	the	relationships	among	mathematical	concepts.	It	highlights	the
importance	of	making	connections	between	and	across	grade-level	standards.	All	concepts
presented	should	be	situated	in	the	larger	context	of	math	in	order	to	construct	schema	and
increase	retention	of	information.	Creating	opportunities	for	students	to	see	mathematics
as	a	coherent	subject	eliminates	the	need	for	rote	memorization	of	content.

Rigor	describes	the	union	of	conceptual	knowledge,	procedural	skills	and	fluency,	and	the
application	of	knowledge	in	a	real-world	context.	All	three	subsets	should	be	represented
with	equal	intensity	to	create	a	rigorous	exploration	of	a	mathematical	concept.	In	order
for	students	to	understand	mathematics	and	meet	Common	Core	expectations,	they	must
have	an	opportunity	to	be	exposed	to	many	different	question	types	that	target	each
component	of	rigor.	Rigor	is	not	reserved	for	students	at	a	higher	performance	level.

The	Common	Core	State	Standards	in	Mathematics,	along	with	the	associated
instructional	shifts	of	focus,	coherence,	and	rigor,	are	designed	to	develop	mathematically
proficient	students.	An	understanding	of	what	it	means	to	be	mathematically	proficient
may	challenge	the	existing	paradigm	held	by	educators.

Assessment
The	federal	government	established	a	common	goal	of	proficiency	in	mathematics	for	all
students	through	the	policy	of	No	Child	Left	Behind	(US	Department	of	Education	2001).
This	measure	of	mathematical	proficiency	has	changed	with	the	creation	of	the	Common
Core	State	Standards	(CCSS).	A	new	law,	Every	Student	Succeeds	Act	(ESSA),	signed	by
President	Obama	on	December	10,	2015,	focuses	on	preparing	all	students	for	success	in
college	and	careers.

In	the	past	it	has	been	noted	by	researchers	such	as	Barbeau	(1989)	that	district	leaders
often	viewed	mathematics	as	an	established	body	of	rules	and	procedures,	and	viewed
“doing	mathematics”	as	the	mere	manipulation	of	numbers.	Previous	state	assessments
reflected	this	underlying	belief.	The	current	assessments	created	by	the	Partnership	for
Assessment	of	Readiness	for	College	and	Careers	(PARCC)	and	the	Smarter	Balanced
Assessment	Consortium	(SBAC)	reflect	a	more	comprehensive	view	of	“doing
mathematics.”	The	Common	Core	has	established	a	new	standard	of	proficiency.	This
standard	includes	a	student’s	command	of	knowledge	across	multiple	knowledge
dimensions,	in	addition	to	procedural	and	factual	knowledge,	which	was	once	the	primary
focus	of	mathematics	education.	Students	must	now	possess	conceptual	knowledge	and
metacognitive	knowledge.



Under	the	CCSS,	mathematical	proficiency	is	dependent	upon	the	development	of	all	four
knowledge	dimensions.

The	illustration	below	shows	the	four	knowledge	dimensions.	Different	problem	types
generally	target	a	specific	knowledge	dimension,	but	there	is	often	overlap.	Understanding
discrete	facts	may	require	grouping	into	overarching	ideas	known	as	concepts.	Application
of	concepts	requires	procedural	skills.	Reflection	upon	application	and	use	of	concepts
incorporates	metacognitive	skills.

Each	dimension	of	knowledge	is	defined	and	described	in	the	chart	on	page	12.	Different
question	types	that	target	the	development	of	each	dimension	are	also	included.	The
Common	Core	assessments	created	by	PARCC	and	SBAC	include	multiple	question
types,	such	as	selected	response	questions	(SR)	where	students	answer	multiple	choice
questions,	constructed	response	questions	(CR)	where	students	develop	their	own	answer,
extended	response	questions	(ER)	where	students	develop	their	answer	and	explain,
technology	enhanced	questions	(TE)	where	students	use	technological	tools	to	answer
questions,	and	performance	tasks	(PT)	where	students	demonstrate	conceptual	and
procedural	knowledge	in	a	real-world	setting.	A	combination	of	these	question	types
assesses	a	student’s	comprehensive	understanding	of	mathematics	knowledge	across	the
four	dimensions.



How	to	Use	This	Book
The	purpose	of	this	book	is	to	provide	practical	tools	for	teachers	and	administrators	to	use
in	creating	environments	that	lead	to	mathematically	proficient	students–students	who	will
be	able	to	demonstrate	a	command	of	all	four	knowledge	dimensions.



Mathematical	rigor	in	the	classroom	for	students	includes	lessons	that	target	conceptual
knowledge,	procedural	knowledge,	and	the	application	of	this	knowledge	in	context.
Professional	development	for	teachers	must	also	include	opportunities	for	teachers	to
develop	all	three	dimensions	of	rigor	as	it	applies	to	the	Common	Core.	This	book
primarily	focuses	on	teachers’	procedural	knowledge	of	standards	implementation	as	they
apply	the	information	and	resources	presented	in	this	book.	Procedural	questions	are
targeted,	such	as:

How	do	I	teach	the	Common	Core	State	Standards	in	mathematics?
How	do	I	apply	the	information	in	this	book	to	my	own	classroom	practice?

This	book	provides	a	series	of	lessons,	templates,	and	exemplars	for	practical	classroom
application.	It	is	essential	to	note	that	a	teacher’s	conceptual	understanding	of	the
standards	is	necessary	for	educators	to	extend	and	innovate	beyond	the	ideas	in	this	book.
Opportunities	should	also	be	provided	for	educators	to	construct	their	understanding	of	the
Common	Core	Standards	and	lesson	design	through	their	own	inquiry	and	investigation.

Teachers	must	understand	the	content	standards	and	the	mathematical	practice	standards	in
order	to	develop	meaningful	mathematics	lessons.	The	units	of	study	created	should
include	the	instructional	shifts	of	focus,	coherence,	and	rigor.	These	shifts	will	be
explained	throughout	the	book.	Once	lessons	are	designed	that	incorporate	the	Common
Core	elements,	students	must	demonstrate	their	understanding	through	authentic
assessment	practices.	The	following	illustrative	framework	represents	the	relationship
between	the	standards,	the	Common	Core	shifts,	lesson	design,	and	assessment.	The
structure	of	this	book	and	the	connection	between	the	chapters	is	designed	based	on	this
relationship.



Overview	of	This	Book
The	following	is	an	overview	of	the	chapters	in	this	book.	A	brief	description	captures	the
major	ideas	and	resources	in	each	chapter.

Chapter	1,	Understanding	the	Standards,	gives	a	structural	overview	of	the	content
standards.	In	order	to	teach	the	standards,	teachers	must	know	the	standards.	Tools	are
provided	to	deconstruct	and	analyze	the	standards	to	develop	a	teacher’s	authentic
understanding	of	the	mathematic	content.

This	chapter	also	includes	planning	tools	for	incorporating	the	mathematical	practice
standards	into	curriculum	design	and	instructional	delivery.	The	alignment	between	the
content	standards	and	the	math	practice	standards	is	explained.	Questioning	strategies	that
target	the	mathematics	practice	standards	and	illustrative	prompts	are	also	included.

Exploratory	Questions:

1.	 How	do	I	increase	my	understanding	of	the	standards?
2.	 What	is	the	relationship	between	domains,	clusters,	and	individual	standards?
3.	 How	do	I	determine	which	math	practices	to	target	in	a	lesson?
4.	 How	do	I	teach	students	to	understand	the	math	practices	alongside	the	math
content?

Chapter	2,	Instructional	Shift	of	Focus,	highlights	the	grade-level	foci	and	grade-level
expected	fluencies.	Major	and	supporting	clusters	are	defined	and	explained.

Exploratory	Questions:

1.	 How	do	I	determine	what	content	should	be	emphasized	at	my	grade	level?
2.	 How	do	I	determine	how	much	time	should	be	allocated	to	content	during	curricular
planning?

In	Chapter	3,	Instructional	Shift	of	Coherence,	it	shows	how	mathematics	is	a
discipline	in	which	all	topics	are	interconnected.	Students	must	understand	these
connections	in	order	to	learn	and	to	not	rely	upon	memorization.	Resources	are	provided
to	help	students	make	these	vital	connections.

Exploratory	Questions:

1.	 How	do	I	use	the	math	clusters	to	help	students	understand	connections	between
lessons?

2.	 How	might	I	create	opportunities	for	students	to	understand	how	the	supporting
and/or	the	additional	clusters	connect	to	the	major	clusters?

Chapter	4,	Instructional	Shift	of	Rigor,	gives	practical	examples	of	problems	that
incorporate	the	three	dimensions	of	rigor.	Ideas	for	striking	a	balance	among	the
dimensions	of	rigor	are	provided.	Tools	for	monitoring	instructional	rigor	are	included.

Exploratory	Questions:



1.	 What	are	the	qualities	of	a	rigorous	math	lesson?
2.	 How	do	I	determine	what	math	problems	to	use	in	order	to	develop	a	particular
dimension	of	rigor?

In	Chapter	5,	Lesson	Design,	a	variety	of	instructional	models	are	provided	that	show
how	teachers	can	design	standards-aligned	lessons.	An	auditing	tool	to	help	teachers
determine	the	Common	Core	readiness	of	their	existing	lessons	is	included.

Exploratory	Questions:

1.	 What	are	the	features	of	a	Common	Core	lesson?
2.	 How	do	I	develop	a	unit	that	balances	group	investigation	with	direct	instruction?

Chapter	6,	Assessment,	explains	the	significant	shift	in	how	students	must	demonstrate
their	understanding	of	mathematics.	This	chapter	provides	rich	examples	of	assessment
question	types.

Exploratory	Questions:

1.	 How	will	students	be	assessed	using	standardized	testing	measures?
2.	 How	might	I	incorporate	various	question	types	in	my	assessment	measures	to
provide	opportunities	for	students	to	demonstrate	their	understanding	of	math	in	a
meaningful	way?

This	book	is	designed	to	help	you	develop	a	greater	understanding	of	the	Common	Core
State	Standards	and	presents	ways	to	incorporate	this	knowledge	into	your	classroom
practice.	As	you	read	this	book,	consider	the	relatedness	between	the	different	chapters.
The	questions	presented	above,	in	addition	to	many	more,	will	be	explored.



Chapter	1
Understanding	the	Standards

There	are	significant	differences	between	the	Common	Core	State	Standards	in
Mathematics	and	previous	state	mathematics	standards.	One	major	difference	is	the	set	of
parallel	complementary	standards	that	exist.	The	content	standards	are	aligned	with	a
second	set	of	standards,	known	as	the	standards	for	mathematical	practice.	These	two	sets
of	standards	are	combined	to	present	a	comprehensive	description	of	the	CCSS-M.	They
not	only	describe	what	a	student	should	know	in	mathematics,	but	also	actions	and	ways
of	thinking	that	students	should	demonstrate	while	negotiating	the	mathematics	content.
This	chapter	highlights	the	relationship	and	interdependence	between	these	two	sets	of
standards.	Both	sets	are	a	priority	in	developing	students’	meaningful	understanding	of
mathematics.

This	chapter	includes	the	following	tools	that	help	teachers	not	only	understand	how	to
incorporate	the	standards	into	lesson	design	(procedural	knowledge),	but	why	(conceptual
knowledge)	and	where	(application	in	context)	to	implement	this	knowledge.

Content	Standard	Analysis	Protocol—This	protocol	helps	teachers	understand	the
content	standards,	highlighting	terms	and	concepts	that	are	unfamiliar.

Cluster	Analysis	Protocol—Standards	exist	within	overarching	clusters.	This	tool
develops	a	teacher’s	understanding	of	the	relatedness	between	individual	standards
and	the	clusters	that	serve	to	create	continuity	within	instruction.

Standards	for	Mathematical	Practice	Proficiency	Guide—This	descriptive	chart
outlines	the	standards	for	mathematical	practice,	including	a	description	of	student
actions	that	may	indicate	proficiency.

Standards	for	Mathematical	Practice	Analysis	Protocol—A	comprehensive
analysis	of	the	mathematical	practices	should	include	an	examination	of	what	each
standard	means,	how	the	standards	relate	to	one	another,	and	how	they	align	with
the	content	standards.	This	protocol	provides	an	opportunity	to	understand	standard
alignment.

Standards	Alignment	Guide—How	do	you	know	which	mathematical	practices	to
incorporate	in	a	lesson	based	on	a	given	mathematics	topic?	Key	content	words	are
listed	that	align	with	suggested	mathematics	practice	standards.

Content	and	Practices	Alignment	Protocol—Teachers	have	an	opportunity	to
make	purposeful	connections	between	the	content	standards	and	the	mathematical
practice	standards	by	considering	the	thinking	skills	and	content	targeted	in	a
particular	standard.

Math	Practice	Prompts	and	Questions—Once	a	math	practice	is	selected,
teachers	must	use	instructional	strategies	to	help	students	develop	these
dispositions.	The	use	of	iconic	prompts	and	explicit	questioning	strategies	are
addressed	in	this	section.



Understanding	the	Content	Standards
Math	content	standards	define	what	students	should	know	and	be	able	to	do	in	the
discipline	of	mathematics.	They	serve	as	objective	benchmarks	that	align	instruction	and
curriculum.	These	standards	have	been	internationally	benchmarked.	Student	performance
is	defined	in	terms	of	progress	made	toward	the	understanding	of	the	content	standards.
The	Core	Knowledge	Foundation	(1999)	suggests	that	standards	represent	a	core	of	shared
knowledge	that	students	should	learn	in	schools.	In	understanding	this	core	knowledge
embodied	by	the	Common	Core	State	Standards,	it	is	important	to	first	understand	how
they	are	structured.

The	Common	Core	Content	Standards	are	arranged	by	grade	level	expectations,	with	the
exception	of	conceptual	category	designation	at	the	high	school	level.	As	shown	in	Figure
1.1,	domains	exist	inside	each	grade	level	set,	clusters	exist	within	domains,	and
individual	standards	exist	within	clusters.

Figure	1.1	Grade	Level	Standards

Reading	the	Content	Standards
The	standards	for	kindergarten	through	grade	8	are	organized	by	grade	level	and	clusters.
For	example,	3.NBT	signals	grade	level	3	Number	and	Operations	in	Base	Ten	domain.
Specific	standards	are	listed	within	each	domain	and	cluster,	such	as	3.NBT.2	(the	second
standard	within	grade	level	3	Number	and	Operations	in	Base	Ten	domain).	The	standards
can	be	written	with	and	without	cluster	designation.	When	cluster	designation	is	used,	the
insertion	of	capital	letters	(A,	B,	C,	etc.)	following	the	domain	represent	the	sequence	of
the	clusters	in	each	domain.	The	following	examples	show	this	difference.



Without	cluster	designation:

With	cluster	designation:

Figure	1.2	shows	elements	found	within	the	third-grade	level	of	the	Common	Core	State
Standards-Math.

Figure	1.2	Elements	of	the	CCSS—M	Grade	Level	Standards

(CCSSO,	NGA	2010a,	2,5)

Grade-Level	Domains	K–8
Domains	represent	large	groups	of	clusters	and	inclusive	standards.	Figure	1.3	shows
which	domains	are	covered	in	each	grade	level	and	the	progression	of	domains	across
grade	levels.	The	common	shading	represents	a	learning	trajectory	of	connected	content
from	kindergarten	through	the	conceptual	categories	represented	in	high	school.	The
color-coordinated	progressions	show	how	mathematical	structures	maintain	and	develop
over	grade	levels.	This	also	provides	an	opportunity	for	the	teacher	to	see	how	the



standards	they	teach	in	their	unique	grade	level	relate	to	other	standards	across	grade
levels.	Figure	1.3	can	be	found	in	full	color	on	the	Digital	Resource	CD.
Figure	1.3	Common	Core	Domain	Coherence

(Ohio	Department	of	Education	2015)

Analyzing	the	Content	Standards
Understanding	how	to	read	the	standards	from	an	organizational	standpoint	is	only	the
beginning	of	the	analysis	process.	Meaningful	understanding	and	application	of	the
standards	comes	from	an	interrogative	analysis	that	includes	deconstructing	them.
Knowledge	is	contested	and	constructed.	Several	tools	follow	that	aid	in	this	process.
However,	analysis	of	the	Common	Core	State	Standards-Mathematics	(CCSS-M)	is
twofold.	In	this	chapter,	you	will	find	tools	for	analyzing	the	content	standards	and
resources	for	analyzing	the	standards	for	mathematical	practice.	Both	sets	of	standards
should	be	analyzed	with	equal	intensity.

Content	Standard	Analysis	Protocol
The	Content	Standard	Analysis	Protocol	helps	teams	of	teachers,	or	individual	teachers,
closely	examine	the	content	standards.	After	this	initial	examination,	the	analysis	protocol
can	be	used	routinely	to	explore	and	increase	understanding	of	the	standards.	This	is	ideal
to	use	as	an	ongoing	measure	to	incorporate	the	standards	into	your	practice.

Step	1:	Make	a	copy	of	the	Content	Standard	Analysis	Chart	for	your	grade	level.	Blank
templates	with	the	necessary	cluster	information	for	each	grade	level	K–8	are	on
the	Digital	Resource	CD.	Download	a	copy	of	the	CCSS	from
www.corestandards.org.	Make	sure	to	use	your	own	state’s	standards,	as	the

http://www.corestandards.org


standards	vary	slightly	from	state	to	state.	Complete	the	chart	by	writing	down
the	standards	that	answer	the	following	questions.

•	Which	standards	in	the	cluster	are	familiar	to	me?

•	Which	standards	are	unclear	to	me?

•	What	questions	do	I	have?

Step	2:	Compare	your	chart	with	charts	made	by	other	teachers	on	your	grade-level	team.
Discuss	the	procedural	and	conceptual	application	of	the	standards.

Step	3:	Collaborate	with	your	grade-level	team	to	develop	a	better	understanding	of	the
standards.	Spend	time	as	a	group	asking	questions	and	sharing	answers.	Use	the
Comprehe}nsible	Content	Knowledge	section	on	page	26	to	reach	consensus
about	any	areas	of	ambiguity.	You	may	find	that	you	and	your	colleagues	need	to
brush	up	on	new	or	unfamiliar	concepts	that	are	part	of	your	grade-level
standards.	It	is	important	to	take	the	time	to	acquire	these	skills	so	you	feel
confident	teaching	them	to	your	students.	The	subsequent	chart	provides	a	partial
example	to	help	you	get	started.



Figure	1.4	Sample	Content	Standard	Analysis	Chart



You	Try	It!
1. Download	the	Content	Standard	Analysis	Chart	for	your	grade	level

from	the	Digital	Resource	CD	(filename:	contentanalysis.pdf).

2. Review	the	Content	Standard	Analysis	Protocol	(page	22).

3. Follow	the	protocol	to	complete	the	chart.

4. Decide	on	a	plan	to	find	answers	to	your	remaining	questions.	For
example,	talk	with	grade-level	peers,	take	an	online	learning	course,
or	select	some	books	or	articles	for	professional	growth.

Cluster	Analysis	Protocol
This	analysis	protocol	can	be	used	to	understand	the	detailed	meaning	of	each	standard
and	its	relationship	to	the	overarching	clusters.	You	will	have	an	opportunity	to	explain
each	mathematical	concept	(written	and	illustrative)	as	well	as	identify	the	targeted
thinking	skill	(level	of	cognitive	demand)	inherent	in	each	standard.	Key	vocabulary	is
also	highlighted.

Step	1:	Make	a	copy	of	the	Cluster	Analysis	Chart	for	each	cluster	in	your	grade	level.	A
blank	template	is	provided	on	the	Digital	Resource	CD.

Step	2:	Identify	the	following:

•	How	are	the	standards	in	the	cluster	related?	How	do	they	extend	from	each
other?

•	What	are	the	overarching	mathematical	concepts	represented?	Illustrate	these
concepts	symbolically	or	pictorially.

•	What	are	the	targeted	thinking	skills	used	to	negotiate	the	content?	What	are
examples	of	the	application	of	the	thinking	skills?

Step	3:	Determine	what	additional	professional	development	is	needed	to	increase	your
content	knowledge.

The	subsequent	chart	provides	a	partial	example	to	help	you	get	started.



Figure	1.5	Sample	Cluster	Analysis	Chart



You	Try	It!
1. Download	the	Cluster	Analysis	Chart	from	the	Digital	Resource	CD

(filename:	cluster.pdf).

2. Review	the	Cluster	Analysis	Protocol	(page	24).

3. Follow	the	protocol	to	complete	the	chart.

4. Collaborate	with	your	grade-level	colleagues	to	share	your	ideas,	and
consider	additional	opportunities	to	increase	your	content	knowledge.

Comprehensible	Content	Knowledge
A	teacher’s	ability	to	help	students	understand	the	Common	Core	State	Standards	is	highly
dependent	upon	the	teacher’s	own	command	of	that	content	knowledge.	Research	shows
that	teachers	must	have	a	strong	command	of	math	content	knowledge	in	order	to	be
effective	teachers	(Tatto	and	Senk	2011).	A	teacher’s	increase	in	mathematical	content
knowledge	has	a	positive	impact	on	student	performance	(Hill	et	al.,	2005).	Since	it	is	not
always	possible	to	take	university	courses,	school	districts	ideally	need	to	offer
professional	development	time	that	includes	content	knowledge	development.

However,	if	your	district	does	not	provide	this	type	of	professional	development	or	you
want	to	supplement	your	content	knowledge,	several	state	departments	of	education	have
created	mathematics	frameworks.	These	frameworks	present	the	Common	Core	content	in
a	comprehensible	manner.	They	include	content	analysis	as	well	as	instructional	and
curricular	strategies.	After	using	the	analysis	protocols	to	identify	areas	of	confusion,
these	frameworks	can	be	used	to	improve	your	content	knowledge.

The	following	are	websites	that	can	support	you	as	you	seek	to	increase	your	content	knowledge:

Achieve	the	Core

www.achievethecore.org

Arizona	Department	of	Education

http://www.azed.gov/azccrs/mathstandards/

California	Department	of	Education

www.cde.ca.gov/ci/ma/cf/

Illustrative	Mathematics

http://www.achievethecore.org
http://www.azed.gov/azccrs/mathstandards/
http://www.cde.ca.gov/ci/ma/cf/


www.illustrativemathematics.org

Inside	Mathematics

www.insidemathematics.org

National	Council	of	Teachers	of	Mathematics

www.nctm.org

North	Carolina	State	Board	of	Education

http://www.ncpublicschools.org/acre/standards/common-core-tools/

Understanding	the	Standards	for	Mathematical
Practice
Alongside	the	content	standards	exist	the	standards	for	mathematical	practice.	These
interdependent	standards	are	inextricably	linked	and	should	not	be	taught	in	isolation.	The
standards	for	mathematical	practice	define	the	actions	and	dispositions	of	mathematically
proficient	students.	These	are	expectations	for	all	students	in	grades	K–12.	In	all	actuality,
they	extend	through	life	as	students	continue	to	understand	the	world	through	a
mathematical	lens	beyond	high	school.	The	standards	for	mathematical	practice	are	as
follows:

Standards	for	Mathematical	Practice

1. Make	sense	of	problems	and	persevere	in	solving	them.

2. Reason	abstractly	and	quantitatively.

3. Construct	viable	arguments	and	critique	the	reasoning	of	others.

4. Model	with	mathematics.

5. Use	appropriate	tools	strategically.

6. Attend	to	precision.

7. Look	for	and	make	use	of	structure.

8. Look	for	and	express	regularity	in	repeated	reasoning.

Figure	1.6	provides	a	description	for	the	standards	for	mathematical	practice	and	ways	in
which	students	can	demonstrate	their	proficiency	of	each	standard.

Figure	1.6	Standards	for	Mathematical	Practice	Proficiency	Guide

Standard	for
Mathematical
Practice

Description
How	Students
Demonstrate
Proficiency

Make	sense	of
problems	and
persevere	in
solving	them.

There	are	two	components	of	this
practice:

• working	through
multiple	attempts

• verifying	that	the

http://www.illustrativemathematics.org
http://www.insidemathematics.org
http://www.nctm.org
http://www.ncpublicschools.org/acre/standards/common-core-tools/


1. Making	Sense—Understanding
what	the	problem	is	asking	and
the	relationship	between	the	parts
of	the	problem.

2. Persevering—Having	the	resolve
to	stay	with	the	problem	through
multiple	attempts	while	being
comfortable	with	disequilibrium
that	may	be	caused.

solution	makes
sense	in
relationship	to
the	problem

• determining	what
is	known	and
unknown	in	the
problem

• analyzing
inherent
constraints

Reason
abstractly	and
quantitatively.

There	are	two	components	of	this
practice:

1. Reasoning	abstractly—
Understanding	how	to	represent	a
math	context	symbolically	or
algebraically	(decontextualize)
and	how	to	represent	a
mathematical	sentence	in	a
particular	real-world	context.

2. Reasoning	quantitatively—
Understanding	that	the	numbers
involved	represent	specific
quantities	or	amounts.

• converting	math
situations	into
symbols

• converting	math
numbers	and
symbols	into
real-world
situations

• interpreting	the
value	of	a
number

• describing
characteristics	of
numbers	(whole,
rational,	etc.)

Construct
viable
arguments	and
critique	the
reasoning	of
others.

There	are	two	components	of	this
practice:

1. Constructing—Understanding
how	to	establish	a	position	or
claim	and	support	it	with
evidence,	justifying	the
connections	between	the	evidence
and	the	claim.

• providing
explanation	in
conjunction	with
an	“answer”

• generating
questions	for	an
argument
presented

• interpreting	the
value	of	a
number

• providing
counterexamples



2. Critiquing—Understanding	how
to	judge	against	established
criteria,	noting	ambiguities,
providing	counterexamples,	and
noting	assumptions	in	arguments
presented.

for	a	particular
case

• providing
qualifying
statements	(e.g.,
exceptions	for
different	cases)

• justifying	a	proof
(solution
pathway)	with
mathematical
rules

Model	with
mathematics.

Understanding	how	to	not	only	represent
a	real-world	situation	with	a
mathematical	model,	but	also	how	to	test
the	model	through	repeated	cycles	of
revision	to	find	an	accurate	representation
of	the	scenario.	The	model	and	the
process	of	testing	are	then	reported.

• contextualizing
and
decontextualizing
a	math	scenario

• interpreting	the
results	of	the
math	model	in
relationship	to
the	real-world
scenario

• revising	the	math
model	through
experimental
testing

• presenting	an
argument	to
defend	the	model
and	the	modeling
process
conducted

Use
appropriate
tools
strategically.

Understanding	what	tools	and	resources
are	needed	to	solve	a	problem.
Understanding	the	procedures	that	are
inherent	in	the	application	of	the	tool.

• selecting	math
tools	based	on
interpretation	of
the	problem

• explaining
multiple
resources	that
can	be	used	to



solve	the
problem

• justifying
selection	of	a	tool
based	on	the
context	of	the
problem

Attend	to
precision.

Understanding	the	appropriate	use	of
academic	vocabulary	and	labeling	of
quantities	and	objects	within	a	math
problem.

Attention	is	given	to	all	facets	of	the
problem.

• using	the	proper
math	terminology
in	discussions

• labeling	units	of
measurement,
axes,	and	other
terms	to	remove
ambiguity

• using	multiple
calculations	to
check	a	derived
answer

Look	for	and
make	use	of
structure.

An	understanding	exists	regarding	the
relationships	between	the	parts	of	a
particular	system	and	the	impact	of	these
parts	on	each	other	and	the	whole.

• identifying
components
within	a	problem
and	applying	this
information	to
solve	the
problem

• describing	the
impact	of
changing	a
particular	part	of
a	problem	on
other	parts	of	the
problem

• classifying	a
particular
problem	based	on
its	features

Look	for	and
express

Searching	for	repetition	in	problems	and
using	this	information	in	order	to	make

• highlighting



regularity	in
repeated
reasoning.

general	rules.	Forecasting	based	on	noted
commonalities.

Deriving	patterns	that	define	a	particular
problem.

patterns	and
making
predictions	based
on	the	pattern

• creating
generalizations
for	future
situations	that
have	similar
constraints

• recalling	repeated
results	in	order	to
make
determinations

How	the	Practice	Standards	Relate
The	standards	for	mathematical	practice	represent	a	framework	for	mathematical	thought.
These	interdependent	standards	can	be	clustered	showing	the	relationships	that	exist.	A
primary	author	of	the	Common	Core	State	Standards	for	Mathematics,	McCallum	(2011),
provides	an	organization	of	the	standards.	The	eight	standards	are	individually	numbered
and	grouped	based	on	relatedness.	MP1	and	MP6	are	considered	to	be	overarching
standards.	This	is	due	in	part	to	the	general	connection	to	all	mathematical	content.	Being
precise	and	understanding	the	context	of	the	problem	is	essential	in	problem	negotiation.
MP2	and	MP3	can	be	grouped	because	they	both	emphasize	mathematical	reasoning	and
explanation	of	the	problem.	MP4	and	MP5	can	be	grouped	because	they	describe
modeling	applications	and	the	tools	needed	to	create	those	models.	MP7	and	MP8	are
often	considered	as	the	lifeline	of	mathematics—the	ability	to	generalize	based	on	an
understanding	of	structure.

To	learn	more	about	the	relatedness	of	the	mathematical	practice	standards,	visit
www.pdesas.org/main/fileview/M3grouping_mathematical_practices.pdf.

http://www.pdesas.org/main/fileview/M3grouping_mathematical_practices.pdf.


Figure	1.7	Grouping	the	Practice	Standards

(McCallum	2011)

Standards	for	Mathematical	Practice	Analysis
Protocol
A	comprehensive	analysis	of	the	mathematical	practices	should	include	an	examination	of
what	each	standard	means,	how	the	standards	relate	to	one	another,	and	how	they	align
with	the	content	standards.	The	following	protocols	provide	an	opportunity	for	this
analysis.

The	Standards	for	Mathematical	Practice	Analysis	Protocol	helps	teachers	and	teams	of
teachers	closely	examine	the	meaning	of	the	mathematical	practices	and	how	they	are
connected.	Teachers	are	able	to	understand	the	connections	that	exist	between	the	math
practices.	This	is	ideal	to	use	as	a	first	step	in	incorporating	the	Common	Core
mathematical	standards	into	your	practice.

Step	1:	Make	a	copy	of	the	Standards	for	Mathematical	Practice	Analysis	Tool	template.
A	blank	template	is	provided	on	the	Digital	Resource	CD.

Step	2:	Use	the	standards	for	mathematical	practice	(www.corestandards.org)	and	the
descriptions	found	in	Figure	1.6	to	complete	the	analysis	tool	that	follows.
Provide	detailed	descriptions	of	how	this	is	taught	in	the	context	of	your	grade-
level	mathematics	content.

The	following	example	for	Mathematical	Practice	6	can	be	used	to	help	you	get	started.

Figure	1.8	Sample	Standards	for	Mathematical	Practice	Analysis	Tool

CCSS	Standards	for	Mathematical	Practice	6:	Attend	to	precision.

http://www.corestandards.org


What	does	this	standard	mean?

Students	use	the	proper	vocabulary	to	name	terms	and	concepts.	Units	of	measurement
are	labeled.	Clear	definitions	are	used	in	explanations.	Appropriate	axes	are	labeled.
Answers	are	compared	to	the	question	to	determine	if	all	aspects	have	been	satisfied.

How	is	this	standard	connected	to	Math	Practice	1?

An	aspect	of	MP1	is	to	make	sense	of	problems.	In	order	to	make	sense,	terms	have	to
be	identified	and	units	of	measurement	have	to	be	considered.	Unit	conversions	may	be
necessary.

Provide	an	example	of	the	practice	standard	applied	at	your	grade	level	and	an
explanation	of	the	application.

Area	=	2	×	6	=	12

Precision:	label	units	of	measurement	appropriately

A	=	2	cm	×	6	cm	=	12	cm2

You	Try	It!
1. Download	the	Standards	for	Mathematical	Practice	Analysis	Tool

template	from	the	Digital	Resource	CD	(filename:	analysis.pdf).

2. Review	the	Standards	for	Mathematical	Practice	Analysis	Protocol
(page	31).

3. Follow	the	protocol	to	complete	the	chart.

4. Share	your	ideas,	examples,	and	explanations	with	your	grade-level
peers.	Discuss	how	the	Standards	for	Mathematical	Practice	are
connected.

Aligning	Content	and	Practice	Standards
An	argument	can	be	made	that	connects	any	math	practice	with	any	content	standard.
However,	this	random	approach	to	alignment	may	not	accentuate	the	salient	points	within



a	given	content	standard.	Standards	for	Math	Practice	1	and	6	represent	overarching	habits
of	mind	that	should	always	be	present.	However,	specific	alignment	can	be	made	by
examining	the	nature	of	the	content	standard	and	cluster.	The	following	chart	includes	key
words/concepts	within	the	content	standards/clusters	that	can	help	you	strategically	align
these	standards	to	the	practice	standards.

Figure	1.9	Standards	Alignment	Guide



Content	and	Practices	Alignment	Protocol
Strategically	aligning	the	content	and	practice	standards	is	essential	when	designing
Common	Core	lessons.	The	protocol	that	follows	can	assist	you	in	aligning	the	content



and	practice	standards.

Step	1:	Make	a	copy	of	the	Content	and	Practices	Alignment	Tool	template.	A	blank
template	is	provided	on	the	Digital	Resource	CD.

Step	2:	Identify	the	content	standard(s)	and	cluster	to	be	addressed	in	a	given	lesson.

Step	3:	Identify	the	targeted	thinking	skills,	such	as	Bloom’s	Taxonomy	or	critical-
thinking	skills.

Step	4:	Identify	the	mathematical	concept(s)	within	the	content	standard(s).

Step	5:	Identify	one	or	two	specific	math	practices	that	best	align	with	the	content
standards.	Use	the	Standards	Alignment	Guide	(Figure	1.9)	for	support.

Step	6:	Record	your	rationale	for	the	selected	math	practices.

An	example	of	this	strategic	alignment	is	provided	in	Figure	1.10	to	help	you	get	started.

Figure	1.10	Sample	Content	and	Practices	Alignment	Tool



You	Try	It!
1. Download	the	Content	and	Practices	Alignment	Tool	template	from

the	Digital	Resource	CD	(filename:	alignment.pdf).

2. Review	the	Content	and	Practices	Alignment	Protocol	(page	34).

3. Follow	the	protocol	to	complete	the	chart.

4. Share	your	ideas	and	rationale	for	your	selected	practice	standards
with	your	grade-level	colleagues.	Determine	whether	additional
practice	standards	can	be	aligned	with	the	same	content	standard.

Using	Prompts	and	Questions	to	Support	Student
Learning
The	use	of	visual	prompts	may	help	students	become	intentionally	aware	of	the	standards
for	mathematical	practice.	It	is	important	to	discuss	the	purpose	of	using	prompts	with	the
class.	Prompts	are	used	to	alert	students	to	a	particular	practice.	Teachers	can	prominently
display	these	prompts	and	provide	a	general	overview	of	each	mathematical	practice	and
the	corresponding	prompt.	As	teachers	and	students	negotiate	math	problems,	specific
prompts	can	be	highlighted	by	posting	the	prompt	next	to	the	problem.	Posting	these
prompts	and	discussing	how	they	are	used	makes	the	tacit	curriculum	explicit.	After
repeated	exposure,	students	become	more	aware	of	the	mathematical	practices	and
eventually	use	them	in	a	self-regulated	manner.	This	includes	self-selection	of	particular
prompts	based	on	a	given	math	context	and	the	student’s	justification	for	their	selection.
Figure	1.11	represents	a	series	of	prompts.

There	are	times	when	the	math	practices	may	be	superordinate	in	the	context	of	a	lesson.
For	example,	if	you	notice	that	students	are	able	to	develop	a	mathematical	model	that
represents	a	given	concept	but	are	unable	to	refine	this	model	through	repeated	testing,
you	may	want	to	highlight	the	process	of	modeling	as	the	major	concept	in	the	lesson.	The
students	would	derive	an	answer	but	this	would	be	subordinate	to	a	discussion	regarding
the	concept	of	modeling.	This	discussion	would	be	used	to	understand	a	student’s	ability
to	develop	conjectures,	test	these	conjectures,	and	determine	the	validity	of	their	answers
(MP4).	Making	the	mathematical	practice	central	in	a	lesson	should	be	done	periodically
to	emphasize	the	importance	of	the	mathematical	practices.

Enlarged	versions	of	these	visual	prompts	in	color	are	included	on	the	Digital	Resource
CD.



Figure	1.11	Visual	Prompts

Once	the	mathematical	practices	have	been	selected	for	a	particular	task	and	prompts	are
visually	displayed,	questioning	strategies	by	both	teachers	and	students	can	be	used	to
develop	the	mathematical	practice.	Encourage	students	to	generate	questions	beyond	those
provided	in	Figure	1.12.

Figure	 1.12	 Questions	 and	 Student	 Actions	 for	 the	 Mathematical	 Practice	 (MP)
Standards

Student	Actions Teacher-Directed	Questions

MP1:	Make	sense	of	problems	and	persevere	in	solving	them.

• Interpret	and	make
meaning	of	the	problem	to
find	a	starting	point.
Analyze	what	is	given	in
order	to	explain	the
meaning	of	the	problem.

• Plan	a	solution	pathway
instead	of	jumping	to	a
solution.

• Monitor	student	progress
and	change	the	approach
if	necessary.

• See	relationships	between
various	representations.

• Relate	current	situations	to

• How	would	you	describe	the	problem	in
your	own	words?

• How	would	you	describe	what	you	are
trying	to	find?

• What	do	you	notice	about	________?

• What	information	is	given	in	the	problem?

• What	is	unknown	in	the	problem?

• How	might	you	describe	the	relationship
between	the	quantities?

• Describe	what	you	have	already	tried.	What
might	you	change?

• What	are	some	other	strategies	you	might
try?



concepts	or	skills
previously	learned	and
connect	mathematical
ideas	to	one	another.

• Continually	ask,	“Does
this	make	sense?”

• Understand	various
approaches	to	solutions.

• What	are	some	other	problems	that	are
similar	to	this	one?

• How	might	you	use	one	of	your	previous
problems	to	help	you	begin?

• How	else	might	you
organize/represent/show	________?

MP2:	Reason	abstractly	and	quantitatively.

• Make	sense	of	quantities
and	their	relationships.

• Decontextualize	(represent
a	situation	symbolically
and	manipulate	the
symbols)	and
contextualize	(make
meaning	of	the	symbols	in
a	problem)	quantitative
relationships.

• Understand	the	meaning	of
quantities	and	remain
flexible	in	the	use	of
operations	and	their
properties.

• Create	a	logical
representation	of	the
problem.

• Attend	to	the	meaning	of
quantities,	not	just	how	to
compute	them.

• What	do	the	numbers	used	in	the	problem
represent?

• What	is	the	relationship	of	the	quantities?

• How	is	________	related	to	________?

• What	is	the	relationship	between	________
and	________?

• What	does	________	mean	to	you?
(symbol,	quantity,	diagram)

• What	properties	might	we	use	to	find	a
solution?

• How	can	this	be	represented	symbolically,
pictorially,	or	in	words?

• How	can	you	express	this	answer	in	the
context	of	the	problem?

MP3:	Construct	viable	arguments	and	critique	the	reasoning	of	others.

• Analyze	problems	and	use
stated	mathematical
assumptions,	definitions,
and	established	results	in
constructing	arguments.

• Justify	conclusions	with

• What	mathematical	evidence	would	support
your	solution?

• How	can	we	be	sure	that	________?

• How	could	you	prove	that	________?

• Will	it	still	work	if	________?



mathematical	ideas.

• Listen	to	the	arguments	of
others	and	ask	useful
questions	to	determine	if
an	argument	makes	sense.

• Ask	clarifying	questions	or
suggest	ideas	to
improve/revise	the
argument.

• Compare	two	arguments
and	determine	correct	or
flawed	logic.

• What	were	you	considering	when
________?

• How	did	you	decide	to	try	that	strategy?

• How	did	you	test	whether	your	approach
worked?

• What	assumptions	were	made	in	the
argument?

• How	did	you	decide	what	the	problem	was
asking	you	to	find?

• Did	you	try	a	method	that	did	not	work?

• What	is	ambiguous	in	the	argument
presented?

• What	is	the	same	and	what	is	different
about	________?

• How	could	you	demonstrate	a
counterexample?

MP4:	Model	with	mathematics.

• Understand	this	is	a	way	to
reason	quantitatively	and
abstractly	(able	to
decontextualize	and
contextualize).

• Apply	known	mathematics
to	solve	everyday
problems.

• Simplify	a	complex
problem	and	identify
important	quantities	to
look	at	relationships.

• Represent	mathematics	to
describe	a	situation	with
either	an	equation	or	a
diagram	and	interpret	the
results	of	a	mathematical
situation.

• Reflect	on	whether	the
results	make	sense,
possibly

• What	questions	can	I	ask	of	this	real-world
scenario?

• What	equation	could	represent	the
problem?

• Does	this	model	accurately	represent	this
real-world	situation?

• Have	I	validated	the	model	through
multiple	tries?

• How	will	I	communicate	my	findings	to	the
public?

• What	are	some	ways	to	represent	the
quantities?

• What	is	an	equation	or	expression	that
matches	the	diagram/number
line/chart/table?

• Where	do	you	see	one	of	the	quantities
from	the	task	in	your	equation	or
expression?

• How	would	it	help	to	create	a



improving/revising	the
model.

• Ask,	“How	can	I	represent
this	mathematically?”

diagram/graph/table?

• What	are	some	ways	to	visually	represent
________?

• What	formula	might	apply	in	this	situation?

MP5:	Use	appropriate	tools	strategically.

• Use	available	tools	to
recognize	the	strengths
and	limitations	of	each.

• Use	estimation	and	other
mathematical	knowledge
to	detect	possible	errors.

• Identify	relevant	external
mathematical	resources	to
pose	and	solve	problems.

• Use	technological	tools	to
deepen	mathematical
understanding.

• What	mathematical	tools	can	be	used	to
visualize	and	represent	the	situation?

• What	resources	are	more	efficient	to	help
solve	the	problem?

• What	approach	are	you	considering	trying
first?

• What	estimate	did	you	make	for	the
solution?

• In	this	situation	would	it	be	helpful	to	use	a
graph/number
line/ruler/diagram/calculator/manipulative?

• Why	was	it	helpful	to	use	________?

• What	can	using	a	________	show	us	that
using	a	________	may	not?

MP6:	Attend	to	precision.

• Communicate	precisely
and	use	clear
mathematical	language
when	discussing
reasoning.

• Understand	the	meanings
of	symbols	used	in
mathematics	and	label
quantities	appropriately.

• Express	numerical	answers
with	a	degree	of	precision
appropriate	for	the
problem’s	context.

• Calculate	efficiently	and

• What	mathematical	terms	apply	in	this
situation?

• How	did	you	know	your	solution	was
reasonable?

• Explain	how	you	might	show	that	your
solution	answers	the	problem.

• Have	you	answered	all	of	the	parts	of	the
question?

• Have	you	labeled	the	appropriate	parts
(axes,	units)?

• What	symbols	or	mathematical	notations
are	important	in	this	problem?

• What	mathematical	language,	definitions,



accurately. and	properties	can	you	use	to	explain
________?

• How	could	you	check	your	solution	to	see
if	it	answers	the	question?

MP7:	Look	for	and	make	use	of	structure.

• Apply	general
mathematical	rules	to
specific	situations.

• Look	for	the	overall
structure	and	patterns	in
mathematics.

• See	complex	things	as
single	objects	or	as	being
composed	of	several
objects.

• What	observations	do	you	make	about
________?

• What	do	you	notice	when	________?

• What	parts	of	the	problem	might	you
eliminate/simplify?

• What	patterns	do	you	find	in	________?

• How	do	you	know	if	something	is	a
pattern?

• What	previously	learned	ideas	were	useful
in	solving	this	problem?

• How	do	the	individual	parts	help	you
understand	the	entire	problem?

• How	does	this	relate	to	________?

• In	what	ways	does	this	problem	connect	to
other	mathematical	concepts?

MP8:	Look	for	and	express	regularity	in	repeated	reasoning.

• See	repeated	calculations
and	look	for
generalizations	and
shortcuts.

• See	the	overall	process	of
the	problem	and	attend	to
the	details.

• Understand	the	broader
application	of	patterns	and
see	the	structure	in	similar
situations.

• Continually	evaluate	the
reasonableness	of	their
intermediate	results.

• How	does	this	strategy	work	in	other
situations?

• Is	this	always	true,	sometimes	true,	or	never
true?

• How	would	you	prove	that	________?

• What	do	you	notice	about	________?

• What	is	happening	in	this	situation?

• What	would	happen	if	________?

• Is	there	a	mathematical	rule	for	________?

• What	predictions	or	generalizations	can	this
pattern	support?

• What	mathematical	consistencies	do	you



notice?

Once	the	prompts	have	been	selected	based	on	an	understanding	of	the	targeted	content,
the	teacher	places	the	prompts	prominently	on	the	board.	Associated	questions	drawn	from
the	chart	above	are	identified.	As	the	teacher	asks	each	question,	each	prompt	is	raised	to
create	an	association	between	the	prompt	and	the	desired	student	action.

The	following	two	examples	illustrate	how	the	visual	prompts	and	questions	can	be	used
in	the	classroom.

Scenario	1
(3rd	grade	CCSS:	Operations	&	Algebraic	Thinking—3.0A.2,	3.0A.8)

Two	groups	of	students	from	Galiano	Elementary	School	were	walking	to	the	library	when
it	began	to	rain.	The	7	students	in	Mr.	Corallo’s	group	shared	3	large	umbrellas	with	Ms.
Well’s	group	of	11	students.	If	the	same	number	of	students	were	under	each	umbrella,
how	many	students	were	under	each	umbrella?

Possible	visual	prompts:

Meaning	Making	

Abstract	Reasoning	

Argument	Construction	

Critic	

What	factors	are	known	and	what	factors	are	unknown?	(Meaning	Making	 )

This	targets	MP1,	specifically	making	meaning	of	problems.	Students	may	answer	the
questions,	but	may	be	unaware	of	the	mathematical	skill	being	developed.	As	the	teacher

asks	the	students	the	question,	the	selected	MP1	prompt	can	be	displayed	(example:	 ).
The	teacher	engages	the	students	in	conversation	of	what	it	means	to	make	meaning	of	a
problem	and	the	importance	of	the	skill.

What	are	the	details	of	the	problem?	(Meaning	Making	 )

Students	may	list	the	number	of	students	present	in	each	group	and	the	number	of
available	umbrellas,	and	the	constraint	of	having	the	same	number	of	students	under	each
umbrella.	Students	may	explain	that	the	problem	is	asking	them	to	find	out	how	many
students	were	under	each	umbrella.

Students	may	list	the	number	of	initial	groups,	the	relevant	details	(e.g.,	teachers’	names
vs.	numerical	data),	and	the	type	of	answer	solicited.

How	can	this	problem	be	written	symbolically,	numerically,	or	pictorially?	(Abstract



Reasoning	 )
Students	may	draw	a	picture	similar	to	the	following:

Students	may	write	an	algebraic	equation	similar	to	the	following:

3	×	n	=	7	+	11

What	is	your	rationale?	(Argument	Construction	 )

Students	may	provide	written	responses	detailing	their	selected	method	of	problem
solving,	including	an	explanation	of	the	solution	and	the	supportive	evidence.

How	strong	is	the	evidence	used	in	the	arguments	presented?	(Critic	 )

Students	may	question	the	responses	presented	by	their	classmates	(e.g.,	similarities	and
differences	between	selected	problem-solving	approaches,	additional	considerations	that
may	have	been	taken).

Scenario	2:
(8th	grade	CCSS:	Expressions	and	Equations—8.EE.2)

Solve	the	following	quadratic	equation:	x2	=	49.	Explain	your	rationale.

Possible	visual	prompts:

Meaning	Making	

Structure	

Argument	Construction	

Patterns	

Critic	

What	does	the	degree	of	the	polynomial	tell	you	about	the	root?	(Meaning	Making	

	and	Structure	 )

Students	may	respond	that	the	exponent	2	represents	the	highest	degree	of	the	polynomial.



Therefore,	a	square	root	may	be	used	to	solve	the	equation.

Discuss	the	possible	solution	methods	for	this	quadratic	equation.	(Argument

Construction	 	and	Patterns	 )

Students	may	choose	to	find	the	difference	of	two	squares,	use	the	square	root	method,	or
apply	the	quadratic	formula.

Compare	and	contrast	the	methods	presented.	Which	methods	may	be	advantageous

for	this	problem?	Why?	(Argument	Construction	 	and	Critic	 )

Students	may	present	the	procedural	applications	for	solving	the	quadratic	equation	using
various	methods.	Students	may	present	arguments	for	selected	methods	based	on	the
structure	of	the	polynomial.

Some	students	may	have	difficulty	articulating	their	understanding	when	responding	to
these	questions	and	prompts.	The	following	sentence	frames	can	provide	access	to	the
language	of	mathematical	discourse	and	communication	required	by	today’s	standards.

Mathematical	Practice	Standard	1

• The	things	that	are	known	or	given	in	the	problem	are	________.

• The	things	that	are	unknown	in	the	problem	are	________.

• This	problem	means	________	because	of	________.

• The	answer	of	________	means	that	________	in	relation	to	the	problem.

Mathematical	Practice	Standard	2

• The	number	________	represents	________.

• I	can	draw	a	________	to	represent	the	________	in	the	problem.

• This	________	is	measured	in	units	of	________.

This	________	can	be	represented	as	________	in	real	life.

Mathematical	Practice	Standard	3

• I	believe	the	answer	is	________	because	________.

• I	used	the	method	of	________	to	solve	the	problem.

• My	argument	is	________	based	on	________.

• I	agree/disagree	with	________	because	of	________.

• The	evidence	of	________	supports	the	________.

• The	counterexample	of	________	disproves	the	________.

The	statement	of	________	is	true	except	when	________.

Mathematical	Practice	Standard	4

• The	real-world	context	is	________.



• I	can	use	________	to	represent	the	connection	between	________.

• The	model	used	is	________	and	shows	how	________.

• I	believe	this	is	a	valid	representation	of	________	because	________.

• I	tested	this	model	by	________	and	it	shows	that	________.

Mathematical	Practice	Standard	5

• We	use	________	to	measure	________.

• The	tool	of	________	is	helpful	when	________.

• The	resources	needed	to	solve	include	________.

Mathematical	Practice	Standard	6

• The	________	is	defined	as	________.

• The	________	is	the	mathematical	language	for	________.

• The	________	is	measured	in	________	units.

Mathematical	Practice	Standard	7

• The	________	demonstrates	the	pattern	________	because	________.

• The	________	of	the	problem	relates	to	________.

• The	________	is	composed	of	________.

Mathematical	Practice	Standard	8

• I	notice	that	________	is	repeated	because	________.

• The	formula	of	________	can	be	used	when	________.

• The	pattern	of	________	suggests	that	________.

• I	predict	that	________	based	on	________.

Questioning	to	Build	Conceptual	Understanding
It	is	not	uncommon	in	the	math	classroom	to	hear	students	stating,	“I	know	how	to	do
this.”	While	that	may	be	true	from	a	procedural	standpoint,	the	standards	can	be	used	to
examine	and	extend	a	student’s	claim	of	“knowing”	a	particular	concept.	This	examination
can	occur	by	changing	one	word	in	the	statement,	“I	know	how	to	do	this.”	Changing	one
word	assesses	multiple	knowledge	domains	(conceptual,	procedural,	metacognition)	and
targets	the	development	of	the	standards	for	mathematical	practice.	If	we	focus	on	the
function	words	of	how,	why,	where,	and	when,	an	interesting	cognitive	shift	occurs	that
unveils	a	student’s	more	comprehensive	understanding	of	a	concept.

Do	you	know	how	to	do	this?	Students	that	know	how	to	do	a	particular	concept
will	be	able	to	represent	that	concept	in	multiple	ways.	They	will	be	able	to
demonstrate	concrete	verbal	and	pictorial	representations,	numeric	representations,
and	abstract	symbolic	representations.	This	demonstrates	a	student’s	application	of
Mathematical	Practice	2.	Students	will	be	able	to	reason	abstractly	and
quantitatively.



Students	that	know	how	to	do	a	particular	concept	will	know	what	tools	are	needed
to	negotiate	the	task	or	scenario.	Mathematical	Practice	5	notes	that	students	will	be
able	to	strategically	choose	tools	that	will	aid	in	problem	solving.

Do	you	know	why	to	do	this?	When	students	begin	to	understand	the	value	of	a
mathematical	concept,	the	likelihood	that	they	will	continue	to	use	and	retain
understanding	of	that	concept	beyond	the	classroom	increases.	Students	that	know
why	are	able	to	provide	a	rationale	for	the	selection	of	an	algorithm	or	law	used	to
negotiate	a	problem.	An	explanation	of	why	triggers	the	development	of	multiple
math	practices,	including	MP3	and	MP1.	Students	will	be	able	to	make	meaning	of
a	problem	and	construct	a	viable	argument	as	a	result.

Do	you	know	where	to	do	this?	Mathematics	is	a	discipline	that	describes	patterns,
relationships,	and	changes	in	everyday	life.	Mathematical	Practice	4,	modeling,
captures	the	essence	of	why	we	study	mathematics—to	be	able	to	interpret	the
world	we	live	in.	Students	that	know	how	to	apply	a	math	concept	should	be	able	to
explain	the	context	in	life	that	calls	for	where	that	particular	application	is	needed.

Do	you	know	when	to	do	this?	Students	that	know	will	be	able	to	explain	when	a
concept	relates	to	other	concepts	and	when	that	concept	may	be	called	upon	in	a
logical	progression	of	thought.	One	of	the	instructional	shifts	introduced	by	the
standards	is	that	of	coherency.	Knowing	when	a	concept	is	needed	and	how	it
relates	to	other	concepts	being	employed	demonstrates	a	coherent	understanding	of
the	discipline.	The	ability	to	look	for	and	make	use	of	structure,	generalize,	and	to
know	when	to	use	these	generalizations	(Math	Practices	7	and	8)	demonstrates	a
comprehensive	understanding	of	the	mathematical	concept.

Application	Example	1	(7.G.4b)

Do	you	know	how	to	find	the	area	of	the	shape?	If	so,	what	is	the	area	of	this	shape?

Do	you	know	why	you	are	applying	this	concept?

The	shape	presented	is	a	composite	of	some	more	basic	shapes,	namely	a	triangle	and	a
semi-circle.	The	formulas	selected	provide	the	area	for	a	circle	and	a	triangle.	I	divided
the	area	of	the	circle	in	half	to	represent	the	total	area	of	the	semi-circle.	In	order	to	use
the	triangle	formula,	I	needed	to	determine	the	value	of	the	base	and	height.	In	a	triangle,
the	height	is	the	perpendicular	line	segment	from	any	side	(base)	and	the	opposite	vertex.
Therefore,	either	9	in.	or	6	in.	(the	diameter	of	the	circle)	can	serve	as	the	base.	I	added
the	two	individual	areas	to	find	the	area	of	the	composite	shape.	The	value	of	π	remains	in
the	answer	to	demonstrate	the	precise	value.



Do	you	know	where	to	apply	this	concept?

This	problem	can	be	applied	to	solve	any	area	problems	in	real	life	that	involve	the
combination	of	many	basic	shapes,	such	as	triangles,	squares,	rectangles,	circles,	etc.	I
can	use	this	line	of	thought	to	calculate	the	total	area	needed	for	carpeting,	painting,	and
landscaping	specifications.

Do	you	know	when	to	apply	this	concept?

I	applied	the	area	formula	after	I	was	able	to	determine	needed	information	in	the
scenario	such	as	the	radius	of	the	circle	and	type	of	triangle	present	(right,	equilateral,
etc.).	Once	it	was	determined	that	the	base	and	height	of	the	triangle	were	known,	I	was
able	to	calculate	the	total	area.	This	concept	can	be	applied	building	upon	the	existing
understanding	of	the	areas	of	basic	shapes	and	how	these	basic	shapes	can	be	combined
to	create	composite	shapes.	Finding	the	areas	of	composite	shapes	leads	to	finding	the
area	of	irregular	shapes	not	composed	of	basic	shapes.

Application	Example	2	(6.RP.3a)

Do	you	know	how	to	solve	this	problem?

David	has	read	a	certain	number	of	pages	in	a	given	time	frame	(see	the	table).	How	many
pages	do	you	project	that	David	will	read	in	25	minutes?

Based	on	the	pattern	that	follows,	David	will	have	read	10	pages	after	25	minutes.

2	×	number	of	minutes	=	5	×	number	of	pages

Do	you	know	why	you	are	applying	this	concept?

There	is	a	constant	rate	of	change	comparing	the	number	of	minutes	reading	to	the
number	of	pages	read.	For	every	change	in	time	of	five	minutes	there	is	a	change	in	the
number	of	pages	by	two.	Recognizing	this	structure	leads	to	the	application	of	the	concept.

Do	you	know	where	to	apply	this	concept?

This	concept	can	be	applied	when	determining	distance	or	time	traveled	after	maintaining
a	constant	speed.	It	can	also	be	applied	to	calculate	total	savings	based	on	a	constant
amount	saved	over	a	period	of	time.	It	can	also	be	used	to	make	scale	models	and
drawings.

Do	you	know	when	to	apply	this	concept?

After	I	determined	that	there	is	a	consistent	rate	of	change	between	minutes	and	pages,	I
was	able	to	use	this	pattern	to	calculate	the	resulting	number	of	pages.	This	concept
relates	to	other	concepts	such	as	equivalent	fractions	and	proportions.

As	we	continue	to	change	the	paradigm	in	mathematics	education	of	what	it	means	to	be	a
student	of	mathematics,	we	will	continue	to	hear	the	response	of	“I	know	how	to	do	this.”



Redefining	this	idea	of	knowledge	calls	upon	us	as	educators	to	ask	the	questions	of	not
only	“Do	you	know	how	to	do	this?”,	but	also	“Do	you	know	why	to	do	this?”,	“Do	you
know	where	to	do	this?”,	and	“Do	you	know	when	to	do	this?”	The	precise	(MP6)	answers
to	these	questions	using	the	language	of	the	discipline	will	help	assess	a	student’s	claim	of
knowing	and	provide	support,	resulting	in	students	developing	as	mathematicians.

Students	can	demonstrate	their	understanding	of	a	mathematical	concept	by	completing	a
Question	Frame.	Within	the	frame,	students	will	show	how	to	solve	the	particular	concept
in	multiple	ways,	why	the	concept	is	applied,	where	the	concept	is	applied	in	real	life,	and
when	the	concept	is	applied.

A	Question	Frame	can	be	used	in	multiple	ways.	A	problem	can	be	placed	in	the	center	of
the	frame.	The	student	can	then	explore	the	four	questions	written	in	the	parts	of	the	frame
and	provide	answers.	The	center	section	can	also	be	cut	out	and	the	frame	can	be	used	as
an	overlay	with	existing	curriculum.	The	topic	of	exploration	can	be	centered	in	the
middle	of	the	frame.	Students	can	also	do	this	activity	in	cooperative	groups	by	discussing
the	questions	and	taking	turns	being	the	recorder.

The	Question	Frame	Template	can	be	found	on	the	Digital	Resource	CD.

Figure	1.13	Question	Frame	Template



You	Try	It!
Think	of	a	math	concept	that	you	know	and	have	taught	in	your	practice.	Ask
yourself	the	following	questions:

1. Do	you	know	how	to	apply	this	concept?	(consider	multiple
representations,	tools)

2. Do	you	know	why	you	are	applying	this	concept?

3. Do	you	know	where	to	apply	this	concept?

4. Do	you	know	when	to	apply	this	concept?

5. Do	you	have	the	evidence	to	validate	your	claim	of	knowing	the	concept?

What	did	you	experience	as	a	learner?	(e.g.,	cognitive	shift,	anxiety)

What	are	the	implications	for	your	classroom	instruction	and	curriculum	design?

Stop	and	Think
How	has	your	knowledge	of	mathematics	been	reinforced	through	the	use	of

the	analysis	protocols?

How	might	your	understanding	of	the	mathematical	practices	impact	your
students’	understanding	of	mathematics?

How	might	you	emphasize	the	mathematical	practices	within	a	given	lesson?
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