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Introduction

Problem	Solving	in	Mathematics	Instruction
If	you	were	a	 student	 in	elementary	school	before	 the	early	1980s,	your	education	most
likely	paid	little	or	no	attention	to	mathematical	problem	solving.	In	fact,	your	exposure
may	have	been	limited	to	solving	word	problems	at	the	end	of	a	chapter	that	focused	on
one	of	the	four	operations.	After	a	chapter	on	addition,	for	example,	you	solved	problems
that	required	you	to	add	two	numbers	to	find	the	answer.	You	knew	this	was	the	case,	so
you	just	picked	out	 the	two	numbers	from	the	problem	and	added	them.	Sometimes,	but
rarely,	you	were	assigned	problems	that	required	you	to	choose	whether	to	add,	subtract,
multiply,	or	divide.	Many	of	your	teachers	dreaded	lessons	that	contained	such	problems
as	they	did	not	know	how	to	help	the	many	students	who	struggled.

If	 you	went	 to	 elementary	 school	 in	 the	 later	 1980s	 or	 in	 the	 1990s,	 it	may	 have	 been
different.	You	may	have	learned	about	a	four-step	model	of	problem	solving	and	perhaps
you	were	introduced	to	different	strategies	for	finding	solutions.	There	may	have	been	a
separate	chapter	in	your	textbook	that	focused	on	problem	solving	and	two-page	lessons
that	focused	on	particular	problem-solving	strategies,	such	as	guess	and	check.	Attention
was	given	to	problems	that	required	more	than	one	computational	step	for	their	solution,
and	all	the	information	necessary	to	solve	the	problems	was	not	necessarily	contained	in
the	problem	statements.

One	would	think	that	the	ability	of	students	to	solve	problems	would	improve	greatly	with
these	 changes,	 but	 that	 has	 not	 been	 the	 case.	 Research	 provides	 little	 evidence	 that
teaching	problem	solving	in	this	isolated	manner	leads	to	success	(Cai	2010).	In	fact,	some
would	 argue	 that	 valuable	 instructional	 time	 was	 lost	 exploring	 problems	 that	 did	 not
match	 the	mathematical	goals	of	 the	curriculum.	An	example	would	be	 learning	how	 to
use	logic	tables	to	solve	a	problem	that	involved	finding	out	who	drank	which	drink	and
wore	which	 color	 shirt.	Being	 able	 to	 use	 a	 diagram	 to	 organize	 information,	 to	 reason
deductively,	 and	 to	 eliminate	 possibilities	 are	 all	 important	 problem-solving	 skills,	 but
they	should	be	applied	to	problems	that	are	mathematically	significant	and	interesting	to
students.

Today,	 leaders	 in	mathematics	 education	 recommend	 teaching	mathematics	 in	 a	manner
that	 integrates	 attention	 to	 concepts,	 skills,	 and	mathematical	 reasoning.	 Referred	 to	 as
teaching	through	problem	solving,	 this	approach	suggests	that	problematic	tasks	serve	as
vehicles	 through	 which	 students	 acquire	 new	 mathematical	 concepts	 and	 skills
(D’Ambrosio	 2003).	 Students	 apply	 previous	 learning	 and	 gain	 new	 insights	 into
mathematics	as	they	wrestle	with	challenging	tasks.	This	approach	is	quite	different	from
introducing	problems	only	after	content	has	been	learned.

Most	recently,	the	Common	Core	State	Standards	listed	the	need	to	persevere	in	problem
solving	 as	 the	 first	 of	 its	 Standards	 for	 Mathematical	 Practice	 (National	 Governors
Association	Center	for	Best	Practices	and	Council	of	Chief	State	School	Officers	2010):

Make	sense	of	problems	and	persevere	in	solving	them.

Mathematically	 proficient	 students	 start	 by	 explaining	 to	 themselves	 the



meaning	 of	 a	 problem	 and	 looking	 for	 entry	 points	 to	 its	 solution.	 They
analyze	givens,	constraints,	relationships,	and	goals.	They	make	conjectures
about	 the	 form	 and	meaning	 of	 the	 solution	 and	 plan	 a	 solution	 pathway
rather	 than	 simply	 jumping	 into	 a	 solution	 attempt.	 They	 consider
analogous	problems,	and	try	special	cases	and	simpler	forms	of	the	original
problem	in	order	to	gain	insight	into	its	solution.	They	monitor	and	evaluate
their	 progress	 and	 change	 course	 if	 necessary.	 Older	 students	 might,
depending	on	the	context	of	the	problem,	transform	algebraic	expressions	or
change	 the	 viewing	 window	 on	 their	 graphing	 calculator	 to	 get	 the
information	 they	 need.	 Mathematically	 proficient	 students	 can	 explain
correspondences	between	equations,	verbal	descriptions,	tables,	and	graphs
or	draw	diagrams	of	important	features	and	relationships,	graph	data,	and
search	 for	 regularity	 or	 trends.	 Younger	 students	 might	 rely	 on	 using
concrete	 objects	 or	 pictures	 to	 help	 conceptualize	 and	 solve	 a	 problem.
Mathematically	proficient	students	check	their	answers	to	problems	using	a
different	 method,	 and	 they	 continually	 ask	 themselves,	 “Does	 this	 make
sense?”	They	can	understand	the	approaches	of	others	to	solving	complex
problems	and	identify	correspondences	between	different	approaches.

This	 sustained	 commitment	 to	 problem	 solving	 makes	 sense;	 it	 is	 the	 application	 of
mathematical	 skills	 to	 real-life	 problems	 that	makes	 learning	mathematics	 so	 important.
Unfortunately,	we	have	not	yet	mastered	the	art	of	developing	successful	problem	solvers.
Students’	performance	in	the	United	States	on	the	2009	Program	for	International	Student
Assessment	(PISA),	a	 test	 that	evaluates	15-year-old	students’	mathematical	 literacy	and
ability	 to	 apply	mathematics	 to	 real-life	 situations,	 suggests	 that	we	need	 to	continue	 to
improve	our	teaching	of	mathematical	problem	solving.	According	to	data	released	late	in
2010,	students	 in	 the	U.S.	are	below	average	 (National	Center	 for	Educational	Statistics
2010).	Clearly	we	need	to	address	this	lack	of	success.

Students	 do	 not	 have	 enough	 opportunities	 to	 solve	 challenging	 problems.	 Further,
problems	available	to	teachers	are	not	designed	to	meet	the	individual	needs	of	students.
Additionally,	 teachers	 have	 few	 opportunities	 to	 learn	 how	 best	 to	 create,	 identify,	 and
orchestrate	 problem-solving	 tasks.	 50	 Leveled	Math	 Problems	 is	 a	 unique	 series	 that	 is
designed	to	address	these	concerns.



	

Understanding	the	Problem-Solving	Process
George	Polya	is	known	as	the	father	of	problem	solving.	In	his	book	How	to	Solve	It:	A
New	Aspect	of	Mathematical	Method	(1945),	Polya	provides	a	four-step	model	of	problem
solving	that	has	been	adopted	in	many	classrooms:	understanding	the	problem,	making	a
plan,	carrying	out	the	plan,	and	looking	back.	In	some	elementary	classrooms	this	model
has	been	shortened	to:	understand,	plan,	do,	check.	Unfortunately,	this	over-simplification
ignores	much	of	the	richness	of	Polya’s	thinking.

Polya’s	conceptual	model	of	the	problem-solving	process	has	been	adapted	for	use	at	this
level.	 Teachers	 are	 encouraged	 to	 view	 the	 four	 steps	 as	 interrelated,	 rather	 than	 only
sequential,	and	to	recognize	that	problem-solving	strategies	are	useful	at	each	stage	of	the
problem-solving	 process.	 The	 model	 presented	 here	 gives	 greater	 emphasis	 to	 the
importance	of	communicating	and	justifying	one’s	thinking	as	well	as	to	posing	problems.
Ways	 in	 which	 understanding	 is	 deepened	 throughout	 the	 problem-solving	 process	 is
considered	in	each	of	the	following	steps.

Step	1:	Understand	the	Problem
Students	 engage	 in	 the	 problem-solving	 process	 when	 they	 attempt	 to	 understand	 the
problem,	 but	 the	 understanding	 is	 not	 something	 that	 just	 happens	 in	 the	 beginning.	At
grade	5,	students	may	be	asked	to	restate	the	problem	in	their	own	words	and	then	turn	to
a	neighbor	to	summarize	what	they	know	and	what	they	need	to	find	out.	Students	should
also	 discuss	 the	 problem-solving	 strategies	 they	 might	 use.	 At	 this	 grade	 level,	 it	 is
important	for	students	to	be	able	to	identify	which	strategies	would	be	appropriate	to	use
for	a	given	problem.

What	is	most	important	is	that	teachers	do	not	teach	students	to	rely	on	key	words	or	show
students	 “tricks”	 or	 “short-cuts”	 that	 are	 not	 built	 on	 conceptual	 understanding.
Interpreting	 the	 language	 of	 mathematics	 is	 complex,	 and	 terms	 that	 are	 used	 in
mathematics	often	have	different	everyday	meanings.	Note	how	a	reliance	on	key	words
would	 lead	 to	 failure	when	 solving	 the	 problem	 below.	A	 student	 taught	 that	 of	means
multiply	may	multiply	the	fractions	to	find	that	one-half	of	the	students	(17	students)	is	the
correct	answer	to	the	problem.

There	are	18	boys	and	16	girls	in	a	classroom.	Some	are	seated	and	some
are	standing.	 	of	all	the	boys	and	 	of	all	the	girls	are	seated.	How	many
students	are	seated?

Step	2:	Apply	Strategies
Once	students	have	a	sense	of	the	problem	they	can	begin	to	actively	explore	it.	They	may
do	so	by	applying	one	or	more	of	 the	following	strategies.	Note	 that	we	have	combined
related	actions	within	some	of	the	strategies.

• Act	it	out	or	use	manipulatives.



• Count,	compute,	or	write	an	equation.

• Find	information	in	a	picture,	list,	table,	graph,	or	diagram.

• Generalize	a	pattern.

• Guess	and	check	or	make	an	estimate.

• Organize	information	in	a	picture,	list,	table,	graph,	or	diagram.

• Simplify	the	problem.

• Use	logical	reasoning.

• Work	backward.

As	 students	 apply	 these	 strategies,	 they	 also	 deepen	 their	 understanding	 of	 the
mathematics	 of	 the	 problem.	As	 such,	 understanding	 develops	 throughout	 the	 problem-
solving	 phases.	 Consider	 the	 following	 problem	 requiring	 students	 to	 find	 the	 greatest
common	factor.

Mrs.	Freedman	has	9	 juice	boxes	and	15	granola	bars.	For	his	 sleepover,
she	told	her	son	that	he	could	only	bring	home	the	number	of	 friends	who
could	evenly	share	the	juice	boxes	and	granola	bars.	The	friends	can	have
more	than	one	juice	box	and	one	granola	bar.	How	many	friends	might	he
invite?

Riley	and	Isabelle	are	partners.	They	have	read	the	problem	and	understand
that	they	have	to	determine	the	greatest	common	factor.	Riley	suggests	they
make	an	organized	list	but	Isabelle	says	she	wants	 to	use	a	Venn	diagram.
The	girls	decide	they	will	do	both	and	see	if	they	get	the	same	answer.	Riley
writes	9	=	3	×	3	and	15	=	5	×	3.	She	then	crosses	out	a	three	in	each	set	of
factors.	When	her	teacher	asks	her	why	she	crossed	out	those	threes,	Riley
answers,	“Because	they	are	the	same.”	The	teacher	then	asks	her	if	she	can
cross	out	the	other	three.	Riley	responds,	“Sure,	you	can	cross	out	as	many
as	you	want.”	Isabelle	makes	her	Venn	diagram	and	shows	the	intersection
of	the	factors	of	9	and	15	only	has	a	3	in	it.	She	explains	to	Riley	that	she
cannot	 cross	 out	 any	 factor	 she	wants,	 but	 instead	 needs	 to	 identify	 only
factors	that	are	shared.

The	girls	 are	 at	 different	 stages	of	 understanding,	 but	 the	pairing	of	 the	 two	 students	 is
effective	 in	 helping	 Riley	 think	 about	 why	 she	 performs	 certain	 procedures	 and	 is
exposing	her	to	an	additional	strategy.

It	is	important	that	we	offer	students	problems	that	can	be	solved	in	more	than	one	way.	If
one	strategy	does	not	 lead	to	success,	students	can	try	a	different	one.	This	option	gives
students	the	opportunity	to	learn	that	getting	“stuck”	might	just	mean	that	a	new	approach
should	 be	 considered.	When	 students	 get	 themselves	 “unstuck”	 they	 are	more	 likely	 to
view	 themselves	 as	 successful	 problem	 solvers.	 Such	 problems	 also	 lead	 to	 richer
mathematical	 conversations	 as	 there	 are	 different	 ideas	 and	 perspectives	 to	 discuss.
Consider	the	following	problem:

There	are	twenty-five	students	in	Mr.	Stewart’s	grade	5	class.	If	each	student



gives	each	classmate	a	high-five,	how	many	high-fives	will	be	exchanged?

Notice	that	in	Student	Sample	1,	the	student	started	by	listing	all	the	students	in	the	class
but	crossed	it	out.	This	student	then	broke	the	problem	into	a	simpler	problem	and	made
an	 organized	 list.	 The	 combination	 of	 these	 two	 strategies	 appears	 to	 help	 this	 student
generalize	the	problem	to	the	twenty-five	students	in	the	class.	The	student	generalized	the
fact	that	he	is	adding	one	less	than	the	number	of	students	and	has	shown	recognition	of
the	need	to	add	consecutive	integers.	This	student	then	made	a	list	of	the	integers	from	1–
24	and	added	them	together	for	a	sum	of	300.

Student	Sample	1

A	second	student	made	a	table,	identified	a	pattern,	and	also	arrived	at	a	sum	of	300.

Student	Sample	2

It	 is	also	 important	 that	students	make	records	as	 they	work	so	 that	 they	can	recall	 their
thinking.



Step	3:	Communicate	and	Justify	Your	Thinking
It	is	essential	that	teachers	ask	students	to	communicate	and	justify	their	thinking.	It	is	also
important	 that	students	make	records	as	 they	work	so	that	 they	can	recall	 their	 thinking.
When	 teachers	 make	 it	 clear	 that	 they	 expect	 such	 behavior	 from	 students,	 they	 are
establishing	an	important	habit	of	mind	(Goldenberg,	Shteingold,	and	Feurzeig	2003)	and
developing	their	understanding	of	the	nature	of	mathematics.	When	students	explain	their
thinking	 orally	 while	 investigating	 a	 problem	with	 a	 partner	 or	 small	 group,	 they	 may
deepen	their	understanding	of	the	problem	or	recognize	an	error	and	fix	it.	When	students
debrief	 after	 finding	 solutions,	 they	 learn	 to	 communicate	 their	 thinking	 clearly	 and	 in
ways	that	give	others	access	to	new	mathematical	ideas.	In	one	class	a	fifth-grader	listens
to	a	peer’s	explanation	and	proclaims,	“Oh,	I	see.	The	common	denominators	will	always
simplify	to	one	when	we	divide	fractions	using	common	denominators.”	Such	discourse	is
essential	to	the	mathematical	practice	suggested	in	the	Common	Core	State	Standards	that
students	 “construct	 viable	 justifications	 and	 critique	 the	 reasoning	 of	 others”	 (National
Governors	 Association	 Center	 for	 Best	 Practices	 and	 Council	 of	 Chief	 State	 School
Officers	2010).

Our	 task	 is	 to	 foster	 learning	 environments	 where	 students	 engage	 in	 this	 kind	 of
“accountable	talk.”	Michaels,	O’Connor,	and	Resnick	(2008)	identify	three	aspects	of	this
type	of	dialogue.	The	first	is	that	students	are	accountable	to	their	learning	communities;
they	 listen	 to	each	other	carefully	and	build	on	 the	 ideas	of	others.	Second,	accountable
talk	 is	based	on	 logical	 thinking	and	 leads	 to	 logical	conclusions.	Finally,	 these	 types	of
discussions	are	based	on	facts	or	other	information	that	is	available	to	everyone.

When	we	emphasize	the	importance	of	discussions	and	explanations,	we	are	teaching	our
students	 that	 it	 is	 the	soundness	of	 their	mathematical	 reasoning	 that	determines	what	 is
correct,	not	merely	an	answer	key	or	a	teacher’s	approval.	Students	learn,	therefore,	that
mathematics	makes	sense	and	that	they	are	mathematical	sense-makers.

Step	4:	Take	It	Further

Debrief
It	is	this	final	step	in	the	problem-solving	process	to	which	teachers	and	students	are	most
likely	 to	 give	 the	 least	 attention.	When	 time	 is	 given	 to	 this	 step,	 it	 is	 often	 limited	 to
check	 your	 work.	 In	 contrast,	 this	 step	 offers	 rich	 opportunities	 for	 further	 learning.
Students	 might	 be	 asked	 to	 solve	 the	 problem	 using	 a	 different	 strategy,	 or	 to	 find
additional	solutions.	They	might	be	asked	to	make	a	mathematical	generalization	based	on
their	 investigation.	 Students	 might	 connect	 this	 problem	 to	 another	 problem	 they	 have
solved	already,	or	they	now	may	be	able	to	solve	a	new,	higher-level	problem.

Posing	Problems
Students	 can	 also	 take	 problem	 solving	 further	 by	 posing	 problems.	 In	 fact,	 problem
posing	is	intricately	linked	with	problem	solving	(Brown	and	Walter	2005).	When	posing
their	own	problems,	students	can	view	a	problem	as	something	they	can	create,	rather	than
as	a	 task	 that	 is	given	 to	 them.	This	book	supports	problem	posing	 through	a	variety	of



formats.	For	example,	students	may	be	asked	to	supply	missing	data	in	a	problem	so	that	it
makes	 sense.	 They	 may	 be	 given	 a	 problem	 with	 the	 question	 omitted	 and	 asked	 to
compose	 one.	 Or,	 they	 may	 be	 given	 both	 problem	 data	 and	 the	 answer	 and	 asked	 to
identify	the	missing	question.	Teachers	may	also	choose	to	ask	students	to	create	their	own
problems	 that	 are	 similar	 to	 those	 they	 have	 previously	 solved.	 Emphasis	 on	 problem
posing	 can	 transform	 the	 teaching	 of	 problem	 solving	 and	 build	 lifelong	 curiosity	 in
students.

Consider	 the	 following	 reflections	 of	 Renee,	 a	 fifth-grade	 teacher,	 after	 she	 explored
Grouping	or	Sharing?	(see	page	54)	with	her	students.

My	 students	 continue	 to	 surprise	 me	 with	 their	 deep	 thinking	 and
development	 of	 problem-solving	 skills.	 Most	 try	 really	 hard	 to	 phrase	 a
conjecture	 as	 they	work	 to	 predict,	 then	 prove,	 a	mathematical	 idea.	 This
only	works	because	of	the	rich	problems	that	I	am	now	able	to	assign.

When	we	did	the	Grouping	or	Sharing?	lesson	and	the	students	had	to	pose
a	 division	 problem	 given	 three	 values,	 it	 was	 amazing	 listening	 to	 them
construct	 a	 contextual	 situation	 in	 which	 the	 numbers	 fit	 and	 the	 answer
made	sense.	So	often	during	that	lesson	I	heard	mathematical	language	that
I	 was	 not	 accustomed	 to	 hearing	 from	my	 fifth-grade	 students.	 I	 plan	 on
assigning	 problem	 posing	 on	 a	 regular	 basis	 now	 that	 I	 understand	 the
power	behind	it.



	

Problem-Solving	Strategies
Think	of	someone	doing	repair	jobs	around	the	house.	Often	that	person	carries	a	toolbox
or	wears	a	tool	belt	from	task	to	task.	Common	tools	such	as	hammers,	screwdrivers,	and
wrenches	are	 then	 readily	available.	The	 repair	person	chooses	 tools	 (usually	more	 than
one)	 appropriate	 for	 a	 particular	 task.	 Problem-solving	 strategies	 are	 the	 tools	 used	 to
solve	problems.	Labeling	the	strategies	allows	students	to	refer	to	them	in	discussions	and
helps	students	recognize	the	wide	variety	of	tools	available	for	the	solution	of	problems.
The	problems	in	this	book	provide	opportunities	for	students	to	apply	one	or	more	of	the
following	strategies:

Act	It	Out	or	Use	Manipulatives
Students’	understanding	of	a	problem	is	greatly	enhanced	when	 they	act	 it	out.	Students
may	choose	to	dramatize	a	situation	themselves	or	use	manipulatives	to	show	the	actions
or	 changes	 that	 take	 place.	 If	 students	 suggest	 they	 do	 not	 understand	 a	 problem	 say
something	such	as	Imagine	this	is	a	play.	Show	me	what	the	actors	are	doing.

Count,	Compute,	or	Write	an	Equation
When	students	count,	compute,	or	write	an	equation	to	solve	a	problem	they	are	making	a
match	between	a	context	and	a	mathematical	skill.	Once	the	connection	is	made,	students
need	only	to	carry	out	the	procedure	accurately.	Sometimes	writing	an	equation	is	a	final
step	in	the	solution	process.	For	example,	students	might	work	with	manipulatives	or	draw
pictures	and	then	summarize	their	thinking	by	recording	an	equation.

Find	Information	in	a	Picture,	List,	Table,	Graph,	or
Diagram
Too	 often	 problems	 contain	 all	 of	 the	 necessary	 information	 in	 the	 problem	 statement.
Such	information	is	never	so	readily	available	in	real-world	situations.	It	is	important	that
students	develop	the	ability	to	interpret	a	picture,	list,	table,	graph,	or	diagram	and	identify
the	information	relevant	to	the	problem.

Generalize	a	Pattern
Some	people	consider	mathematics	the	study	of	patterns,	so	it	makes	sense	that	the	ability
to	identify,	continue,	and	generalize	patterns	is	an	important	problem-solving	strategy.	The
ability	 to	 generalize	 a	 pattern	 requires	 students	 to	 recognize	 and	 express	 relationships.
Once	generalized,	the	student	can	use	the	pattern	to	predict	other	outcomes.

Guess	and	Check	or	Make	an	Estimate
Guessing	 and	 checking	 or	 making	 an	 estimate	 provide	 students	 with	 insights	 into
problems.	 Making	 a	 guess	 can	 help	 students	 to	 better	 understand	 conditions	 of	 the



problem;	 it	 can	be	a	way	 to	 try	 something	when	a	 student	 is	 stuck.	Some	students	may
make	random	guesses,	but	over	time,	students	learn	to	make	more	informed	guesses.	For
example,	if	a	guess	leads	to	an	answer	that	is	too	large,	a	student	might	next	try	a	number
that	 is	 less	 than	 the	 previous	 guess.	Estimation	 can	 help	 students	 narrow	 their	 range	 of
guesses	or	be	used	to	check	a	guess.

Organize	Information	in	a	Picture,	List,	Table,	Graph,	or
Diagram
Organizing	 information	 can	 help	 students	 both	 understand	 and	 solve	 problems.	 For
example,	 students	might	 draw	a	 number	 line	 or	 a	map	 to	 note	 information	given	 in	 the
problem	statement.	When	students	organize	data	in	a	table	or	graph	they	might	recognize
relationships	among	the	data.	Students	might	also	make	an	organized	list	to	keep	track	of
guesses	 they	have	made	or	 to	 identify	 patterns.	 It	 is	 important	 that	 students	 gather	 data
from	a	problem	and	organize	it	in	a	way	that	makes	the	most	sense	to	them.

Simplify	the	Problem
Another	way	for	students	to	better	understand	a	problem,	or	perhaps	get	“unstuck,”	is	to
simplify	it.	Often	the	easiest	way	for	students	to	do	this	is	to	make	the	numbers	easier.	For
example,	a	student	might	replace	four-digit	numbers	with	single-digit	numbers	or	replace
fractions	 with	 whole	 numbers.	 With	 simpler	 numbers	 students	 often	 gain	 insights	 or
recognize	relationships	that	were	not	previously	apparent,	but	that	can	now	be	applied	to
the	 original	 problem.	 Students	 might	 also	 work	 with	 10	 numbers,	 rather	 than	 100,	 to
identify	patterns.

Use	Logical	Reasoning
Logical	 thinking	 and	 sense-making	 pervades	 mathematical	 problem	 solving.	 To	 solve
problems	students	need	 to	deduce	 relationships,	draw	conclusions,	make	 inferences,	and
eliminate	 possibilities.	 Logical	 reasoning	 is	 also	 a	 component	 of	many	 other	 strategies.
For	 example,	 students	 use	 logical	 reasoning	 to	 revise	 initial	 guesses	 or	 to	 interpret
diagrams.	Asking	questions	such	as	What	else	does	this	sentence	tell	you?	helps	students
to	more	closely	analyze	given	data.

Work	Backward
When	the	outcome	of	a	situation	is	known,	we	often	work	backward	to	determine	how	to
arrive	 at	 that	 goal.	We	might	 use	 this	 strategy	 to	 figure	 out	what	 time	 to	 leave	 for	 the
airport	when	we	know	 the	 time	our	 flight	 is	 scheduled	 to	depart.	A	 student	might	work
backward	to	answer	the	question	What	did	Joey	add	to	79	to	get	a	sum	of	146?	or	If	it	took
2	hours	and	23	minutes	 to	drive	a	given	 route	and	 the	driver	arrived	at	10:17,	at	what
time	 did	 the	 driver	 leave	 home?	 Understanding	 relationships	 among	 the	 operations	 is
critical	to	the	successful	use	of	this	strategy.



	

Ask,	Don’t	Tell
All	teachers	want	their	students	to	succeed,	and	it	can	be	difficult	to	watch	them	struggle.
Often	when	students	struggle	with	a	problem,	a	first	instinct	may	be	to	step	in	and	show
them	how	to	solve	it.	That	intervention	might	feel	good,	but	it	is	not	helpful	to	the	student.
Students	need	to	learn	how	to	struggle	through	the	problem-solving	process	if	they	are	to
enhance	 their	 understanding	 and	 reasoning	 skills.	 Perseverance	 in	 solving	 problems	 is
listed	under	the	mathematical	practices	in	the	Common	Core	State	Standards	and	research
indicates	that	students	who	struggle	and	persevere	in	solving	problems	are	more	likely	to
internalize	the	problem-solving	process	and	build	upon	their	successes.	It	is	also	important
to	 recognize	 the	 fact	 that	 people	 think	 differently	 about	 how	 to	 approach	 and	 solve
problems.

An	effective	substitution	for	telling	or	showing	students	how	to	solve	problems	is	to	offer
support	 through	 questioning.	 George	 Bright	 and	 Jeane	 Joyner	 (2005)	 identify	 three
different	 types	 of	 questions	 to	 ask,	 depending	 on	 where	 students	 are	 in	 the	 problem-
solving	 process:	 (1)	 engaging	 questions,	 (2)	 refocusing	 questions,	 and	 (3)	 clarifying
questions.

Engaging	Questions
Engaging	questions	are	designed	to	pique	student	interest	in	a	problem.	Students	are	more
likely	to	want	to	solve	problems	that	are	interesting	and	relevant.	One	way	to	immediately
grab	 a	 student’s	 attention	 is	 by	 using	 his	 or	 her	 name	 in	 the	 problem.	Once	 a	 personal
connection	is	made,	a	student	is	more	apt	to	persevere	in	solving	the	problem.	Posing	an
engaging	question	is	also	a	great	way	to	redirect	a	student	who	is	not	involved	in	a	group
discussion.	Suppose	students	are	provided	the	missing	numbers	in	a	problem	and	one	of
the	sentences	reads	Janel	is	about	_______	centimeters	tall	and	rides	her	bicycle	to	school.
Engaging	 questions	might	 include	What	 do	 you	 know	 about	 100	 centimeters?	 Are	 you
taller	or	shorter	than	100	centimeters?	The	responses	will	provide	further	insight	into	how
the	student	is	thinking.

Refocusing	Questions
Refocusing	 questions	 are	 asked	 to	 redirect	 students	 away	 from	 a	 nonproductive	 line	 of
thinking	and	back	to	a	more	appropriate	track.	These	questions	often	begin	with	the	phrase
What	 can	 you	 tell	me	 about…?	 or	What	 does	 this	 number…?	 Refocusing	 questions	 are
also	 appropriate	 if	 you	 suspect	 students	 have	 misread	 or	 misunderstood	 the	 problem.
Asking	them	to	explain	in	their	own	words	what	the	problem	is	stating	and	what	question
they	are	trying	to	answer	is	often	helpful.

Clarifying	Questions
Clarifying	 questions	 are	 posed	 when	 it	 is	 unclear	 why	 students	 have	 used	 a	 certain
strategy,	picture,	table,	graph,	or	computation.	They	are	designed	to	help	demonstrate	what



students	are	thinking,	but	can	also	be	used	to	clear	up	misconceptions	students	might	have.
The	teacher	might	say	I	am	not	sure	why	you	started	with	the	number	10.	Can	you	explain
that	to	me?

As	teachers	transform	instruction	from	“teaching	as	telling”	to	“teaching	as	facilitating,”
students	 may	 require	 an	 adjustment	 period	 to	 become	 accustomed	 to	 the	 change	 in
expectations.	Over	time,	students	will	learn	to	take	more	responsibility	and	to	expect	the
teacher	 to	probe	their	 thinking,	rather	 than	supply	them	with	answers.	After	making	this
transition	in	her	own	teaching,	one	teacher	shared	a	student’s	comment:	“I	know	when	I
ask	 you	 a	 question	 that	 you	 are	 only	 going	 to	 ask	 me	 a	 question	 in	 response.	 But,
sometimes	the	question	helps	me	figure	out	the	next	step	I	need	to	take.	I	like	that.”



	

Differentiating	with	Leveled	Problems
There	 are	 four	 main	 ways	 that	 teachers	 can	 differentiate:	 by	 content,	 by	 process,	 by
product,	 and	 by	 learning	 environment.	 Differentiation	 by	 content	 involves	 varying	 the
material	 that	 is	 presented	 to	 students.	Differentiation	 by	 process	 occurs	when	 a	 teacher
delivers	instruction	to	students	in	different	ways.	Differentiation	by	product	asks	students
to	present	their	work	in	different	ways.	Offering	different	learning	environments,	such	as
small	 group	 settings,	 is	 another	 method	 of	 differentiation.	 Students’	 learning	 styles,
readiness	levels,	and	interests	determine	which	differentiation	strategies	are	implemented.
The	leveled	problems	in	this	book	vary	aspects	of	mathematics	problems	so	that	students
at	various	readiness	levels	can	succeed.	Mini-lessons	include	problems	at	three	levels	and
ideas	for	differentiation.	These	are	designated	by	the	following	symbols:

	 lower-level	challenge
	 on-level	challenge
	 above-level	challenge
	 English	language	learner	support

Ideally,	students	solve	problems	that	are	at	just	the	right	level	of	challenge—beyond	what
would	be	 too	 easy,	 but	 not	 so	difficult	 as	 to	 cause	 extreme	 frustration	 (Sylwester	 2003;
Tomlinson	2003;	Vygotsky	1986).	The	goal	 is	 to	 avoid	both	 a	 lack	of	 challenge,	which
might	 leave	 students	 bored,	 as	 well	 as	 too	 much	 of	 a	 challenge,	 which	 might	 lead	 to
significant	anxiety.

There	are	a	variety	of	ways	to	level	problems.	In	this	book,	problems	are	leveled	based	on
the	concepts	and	skills	required	to	find	the	solution.	Problems	are	leveled	by	adjusting	one
or	more	of	the	following	factors:

Complexity	of	the	Mathematical	Language
The	mathematical	language	used	in	problems	can	have	a	significant	impact	on	their	level
of	challenge.	For	example,	negative	statements	are	more	difficult	to	interpret	than	positive
ones.	It	is	not	an	even	number	is	more	complex	than	It	is	an	odd	number.	Phrases	such	as
at	least	or	between	also	add	to	the	complexity	of	the	information.	Further,	words	such	as
table,	 face,	 and	plot	 can	 be	 challenging	 since	 their	 mathematical	 meaning	 differs	 from
their	everyday	uses.

Complexity	of	the	Task
There	are	various	ways	to	change	the	complexity	of	the	task.	One	example	would	be	the
number	 of	 solutions	 that	 students	 are	 expected	 to	 identify.	 Finding	 one	 solution	 that
satisfies	problem	conditions	is	less	challenging	than	finding	more	than	one	solution,	which
is	 even	 less	 difficult	 than	 identifying	 all	 possible	 solutions.	 Similarly,	 increases	 and
decreases	in	the	number	of	conditions	that	must	be	met	and	the	number	of	steps	that	must



be	completed	change	the	complexity	of	a	problem.

Changing	the	Numbers
Sometimes	 it	 is	 the	 size	 of	 the	 numbers	 that	 is	 changed	 to	 increase	 the	 level	 of
mathematical	skills	required.	A	problem	may	be	more	complex	when	it	involves	fractions,
decimals,	 or	 negative	 integers.	 Sometimes	 changes	 to	 the	 “friendliness”	 of	 the	 numbers
are	made	to	adapt	the	difficulty	level.	For	example,	if	two	problems	involve	fractions,	one
with	common	denominators	is	simpler	than	one	with	unlike	denominators.

Amount	of	Support
Some	 problems	 provide	 more	 support	 for	 learners	 than	 others.	 Providing	 a	 graphic
organizer	or	 a	 table	 that	 is	 partially	 completed	 is	one	way	 to	provide	 added	 support	 for
students.	Offering	information	with	pictures	rather	 than	words	can	also	vary	the	level	of
support.	The	inclusion	of	such	supports	often	helps	students	to	better	understand	problems
and	may	offer	insights	on	how	to	proceed.	The	exclusion	of	supports	allows	a	learner	to
take	more	 responsibility	 for	 finding	 a	 solution,	 and	 it	 may	make	 the	 task	 appear	more
abstract	or	challenging.

Differentiation	Strategies	for	English	Language	Learners
Many	English	language	learners	may	work	at	a	high	readiness	level	in	many	mathematical
concepts,	 but	may	need	 support	 in	 accessing	 the	 language	 content.	Specific	 suggestions
for	differentiating	for	English	language	learners	can	be	found	in	the	Differentiate	section
of	 the	 mini-lessons.	 Additionally,	 the	 strategies	 below	 may	 assist	 teachers	 in
differentiating	for	English	language	learners.

• Allow	students	to	draw	pictures	or	provide	oral	responses	as	an	alternative	to	written
responses.

• Pose	 questions	 with	 question	 stems	 or	 frames.	 Example	 question	 stems/frames
include:	What	would	happen	if…?,	Why	do	you	think…?,	How	would	you	prove…?,
How	is	_______	related	to	_______?,	and	Why	is	_______	important?

• Use	visuals	to	give	context	to	questions.	Add	pictures	or	icons	next	to	key	words,	or
use	realia	to	help	students	understand	the	scenario	of	the	problem.

• Provide	sentence	stems	or	frames	to	help	students	articulate	their	thoughts.	Sentence
stems	 include:	This	 is	 important	because…,	This	 is	similar	because…,	and	This	 is
different	 because.…	 Sentence	 frames	 include:	 I	 agree	 with	 _______	 because…,	 I
disagree	with	_______	because…,	and	I	think	_______	because.…

• Partner	English	language	learners	with	language-proficient	students.



	

Management	and	Assessment
Organization	of	the	Mini-Lessons
The	mini-lessons	 in	 this	 book	 are	 organized	 according	 to	 the	 domains	 identified	 in	 the
Common	Core	State	Standards,	which	have	also	been	endorsed	by	the	National	Council	of
Teachers	 of	 Mathematics.	 At	 grade	 5,	 these	 domains	 are	 Operations	 and	 Algebraic
Thinking,	 Number	 and	 Operations	 in	 Base	 Ten,	 Number	 and	 Operations—Fractions,
Measurement	and	Data,	and	Geometry.	Though	organized	in	this	manner,	the	mini-lessons
are	independent	of	one	another	and	may	be	taught	in	any	order	within	a	domain	or	among
the	domains.	What	is	most	important	is	that	the	lessons	are	implemented	in	the	order	that
best	fits	a	teacher’s	curriculum	and	practice.

Ways	to	Use	the	Mini-Lessons
There	 are	 a	 variety	 of	 ways	 to	 assign	 and	 use	 the	 mini-lessons,	 and	 they	 may	 be
implemented	in	different	lessons	throughout	the	year.	They	can	provide	practice	with	new
concepts	 or	 be	 used	 to	 maintain	 skills	 previously	 learned.	 The	 problems	 can	 be
incorporated	into	a	teacher’s	mathematics	lessons	once	or	twice	each	week,	or	they	may
be	used	to	introduce	extended	or	additional	instructional	periods.	They	can	be	used	in	the
regular	 classroom	 with	 the	 whole	 class	 or	 in	 small	 groups.	 They	 can	 also	 be	 used	 to
support	Response	to	Intervention	(RTI)	and	after-school	programs.

It	is	important	to	remember	that	a	student’s	ability	to	solve	problems	depends	greatly	on
the	specific	content	involved	and	may	change	over	the	course	of	the	school	year.	Establish
the	expectation	that	problem	assignment	is	flexible;	sometimes	students	will	be	assigned
to	one	level	(circle,	square,	or	triangle)	and	sometimes	to	another.	On	occasion,	you	may
also	 wish	 to	 allow	 students	 to	 choose	 their	 own	 problems.	Much	 can	 be	 learned	 from
students’	choices!

Students	 can	 also	be	 assigned	one,	 two,	or	 all	 three	of	 the	problems	 to	 solve.	Although
leveled,	 some	 students	 who	 are	 capable	 of	 wrestling	 with	 complex	 problems	 need	 the
opportunity	 to	warm	 up	 first	 to	 build	 their	 confidence.	 Starting	 at	 a	 lower	 level	 serves
these	students	well.	Teachers	may	also	find	that	students	correctly	assigned	to	a	below-	or
on-level	problem	will	be	able	to	consider	a	problem	at	a	higher	level	after	solving	one	of
the	 lower	 problems.	 Students	 can	 also	 revisit	 these	 problems,	 investigating	 those	 at	 the
higher	levels	not	previously	explored.

Grouping	Students	to	Solve	Leveled	Problems
A	 differentiated	 classroom	 often	 groups	 students	 in	 a	 variety	 of	 ways,	 based	 on	 the
instructional	goals	of	an	activity	or	 the	 tasks	students	must	complete.	At	 times,	students
may	 work	 in	 heterogeneous	 groups	 or	 pairs	 with	 students	 of	 varying	 readiness	 levels.
Other	 activities	may	 lend	 themselves	 to	 homogeneous	 groups	 or	 pairs	 of	 students	 who
share	similar	readiness	 levels.	Since	the	problems	presented	in	 this	book	provide	below-
level,	 on-level,	 and	 above-level	 challenges,	 you	may	wish	 to	 partner	 or	 group	 students



with	others	who	are	working	at	the	same	readiness	level.

Since	students’	readiness	levels	may	vary	for	different	mathematical	concepts	and	change
throughout	 a	 course	 of	 study,	 students	may	 be	 assigned	 different	 levels	 of	 problems	 at
different	times.	It	is	important	that	the	grouping	of	students	for	solving	leveled	problems
stay	flexible.	Struggling	students	who	feel	that	they	are	constantly	assigned	to	work	with	a
certain	partner	or	group	may	develop	feelings	of	shame	or	stigma.	Above-level	students
who	 are	 routinely	 assigned	 to	 the	 same	 group	 may	 become	 disinterested	 and	 cause
behavior	problems.	Varying	students’	groups	can	help	keep	the	activities	engaging.

Assessment	for	Learning
In	 recent	years,	 increased	attention	has	been	given	 to	 summative	assessment	 in	 schools.
Significantly	more	instructional	time	is	taken	with	weekly	quizzes,	chapter	tests,	and	state-
mandated	assessments.	These	tests,	although	seen	as	tedious	by	many,	provide	information
and	 reports	 about	 achievement	 to	 students,	 parents,	 administrators,	 and	 other	 interested
stakeholders.	However,	 these	summative	assessments	often	do	not	have	a	real	 impact	on
an	 individual	 student’s	 learning.	 In	 fact,	 when	 teachers	 return	 quizzes	 and	 tests,	 many
students	look	at	the	grade	and	if	it	is	“good,”	they	bring	the	assessment	home.	If	it	is	not
an	acceptable	grade,	they	often	just	throw	away	the	assessment.

Research	shows	that	to	have	an	impact	on	student	learning	we	should	rely	on	assessments
for	 learning,	 rather	 than	 on	 assessments	 of	 learning.	 That	 is,	 we	 should	 focus	 on
assessment	data	we	collect	during	the	learning	process,	not	after	the	instructional	cycle	is
completed.	These	assessments	for	learning,	or	formative	assessments,	are	shown	to	have
the	 greatest	 positive	 impact	 on	 student	 achievement	 (National	 Mathematics	 Advisory
Panel	 2008).	 Assessment	 for	 learning	 is	 an	 ongoing	 process	 that	 includes	 a	 variety	 of
strategies	and	protocols	to	inform	the	progression	of	student	learning.

One	 might	 ask,	 “So,	 what	 is	 the	 big	 difference?	 Don’t	 all	 assessments	 accomplish	 the
same	goal?”	The	answer	 to	 those	key	questions	 is	no.	A	great	difference	 is	 the	fact	 that
formative	 assessment	 is	 designed	 to	 make	 student	 thinking	 visible.	 This	 is	 a	 real
transformation	for	many	 teachers	because	when	 the	emphasis	 is	on	student	 thinking	and
reasoning,	 the	 focus	 shifts	 from	 whether	 the	 answer	 is	 correct	 or	 incorrect	 to	 how	 the
students	grapple	with	a	problem.	Making	student	thinking	visible	entails	a	change	in	the
manner	 in	 which	 teachers	 interact	 with	 their	 students.	 For	 instance,	 instead	 of	 relying
solely	 on	 students’	 written	 work,	 teachers	 gather	 information	 through	 observation,
questioning,	and	listening	to	their	students	discuss	strategies,	 justify	their	reasoning,	and
explain	why	they	chose	to	make	particular	decisions	or	use	a	specific	representation.	Since
observations	 happen	 in	 real	 time,	 teachers	 can	 react	 in	 the	 moment	 by	 making	 an
appropriate	 instructional	 decision,	 which	 may	 mean	 asking	 a	 well-posed	 question	 or
suggesting	a	different	model	to	represent	the	problem	at	hand.

Students	 are	 often	 asked	 to	 explain	 what	 they	 were	 thinking	 as	 they	 completed	 a
procedure.	 Their	 response	 is	 often	 a	 recitation	 of	 the	 steps	 that	 were	 used.	 Such	 an
explanation	does	not	shed	any	light	on	whether	a	student	understands	the	procedure,	why
it	 works,	 or	 if	 it	 will	 always	 work.	 Nor	 does	 it	 provide	 teachers	 with	 any	 insight	 into
whether	a	student	has	a	superficial	or	a	deep	understanding	of	the	mathematics	involved.
If,	however,	students	are	encouraged	 to	explain	 their	 thought	processes,	 teachers	will	be



able	to	discern	the	level	of	understanding.	The	vocabulary	students	use	(or	do	not	use)	and
the	 confidence	 with	 which	 they	 are	 able	 to	 answer	 probing	 questions	 can	 also	 provide
insight	into	their	levels	of	comprehension.

One	 of	 the	most	 important	 features	 of	 formative	 assessment	 is	 that	 it	 actively	 involves
students	in	their	own	learning.	In	assessment	for	learning,	students	are	asked	to	reflect	on
their	own	work.	They	may	be	asked	to	consider	multiple	representations	of	a	problem	and
then	decide	which	of	 those	 representations	makes	 the	most	 sense,	 or	which	 is	 the	most
efficient,	or	how	 they	 relate	 to	one	another.	Students	may	be	asked	 to	make	conjectures
and	 then	 prove	 or	 disprove	 them	 by	 negation	 or	 counterexamples.	 Notice	 that	 it	 is	 the
students	doing	the	hard	work	of	making	decisions	and	thinking	through	the	mathematical
processes.	Students	who	work	at	this	level	of	mathematics,	regardless	of	their	grade	level,
demonstrate	a	deep	understanding	of	mathematical	concepts.

Assessment	for	learning	makes	learning	a	shared	endeavor	between	teachers	and	students.
In	effective	learning	environments,	students	take	responsibility	for	their	learning	and	feel
safe	taking	risks,	and	teachers	have	opportunities	to	gain	a	deeper	understanding	of	what
their	 students	 know	 and	 are	 able	 to	 do.	 Implementing	 a	 variety	 of	 tools	 and	 protocols
when	 assessing	 for	 learning	 can	 help	 the	 process	 become	 seamless.	 Some	 specific
formative	assessment	tools	and	protocols	include:

• Student	Response	Forms	or	Journals

• Range	Questions

• Round-Robin	Activities

• Gallery	Walks

• Observation	Protocols

• Feedback

• Exit	Cards

Student	Response	Forms	or	Journals
Providing	students	with	an	organized	workspace	 for	 the	problems	 they	 solve	can	help	a
teacher	to	better	understand	a	student’s	thinking	and	more	easily	identify	misconceptions.
Students	 often	 think	 that	 recording	 an	 answer	 is	 enough.	 If	 students	 do	 include	 further
details,	they	often	only	write	enough	to	fill	the	limited	space	that	might	be	provided	on	an
activity	sheet.	To	promote	the	expectation	that	students	show	all	of	their	work	and	record
more	 of	 their	 thinking,	 use	 the	 included	 Student	 Response	 Form	 (page	 132;
studentresponse.pdf),	 or	 have	 students	 use	 a	 designated	 journal	 or	 notebook	 for	 solving
problems.	The	prompts	on	the	Student	Response	Form	and	the	additional	space	provided
encourage	students	to	offer	more	details.

Range	Questions
Range	questions	allow	for	a	variety	of	responses	and	teachers	can	use	them	to	quickly	gain
access	to	students’	understanding.	Range	questions	are	included	in	the	activate	section	of
many	 mini-lessons.	 The	 questions	 or	 problems	 that	 are	 posed	 are	 designed	 to	 provide



insight	into	the	spectrum	of	understanding	that	your	students	bring	to	the	day’s	problems.
For	 instance,	 you	might	 ask	What	do	 you	 know	about	 the	numbers	43,	 53,	 63?	 Student
responses	may	include	stating	that	the	factors	of	63	are	3,	21,	9,	and	7,	or	that	43	and	53
do	not	have	factors	other	than	1	and	the	number	itself,	or	that	43	and	53	are	prime	and	63
is	composite.	As	you	can	imagine,	the	level	of	sophistication	in	the	responses	would	vary
and	can	help	you	decide	which	students	to	assign	to	which	of	the	levels.

Round-Robin	Activities
Round	robin	activities	are	designed	to	facilitate	teachers’	abilities	to	see	in	real	time	how
proficient	 students	are	with	various	mathematical	procedures	and	concepts.	Students	are
grouped	in	triads	and	within	each	group	students	are	assigned	the	number	1,	2,	or	3.	The
teacher	announces	that	all	number	1s	go	to	the	board.	The	teacher	dictates	an	expression,
equation,	 or	 computation	 for	 these	 students	 to	 record	 and	 complete	 one	 step.	 After
completing	the	step,	the	number	1s	sits	down	and	the	number	2	students	go	to	the	board	to
do	 step	2.	Upon	completion	of	 that	 step,	 these	 students	 return	 to	 their	 groups	while	 the
number	3s	go	to	the	board	and	do	step	3.	Students	continue	to	go	to	the	board	in	turn	until
the	problem	is	complete.	While	the	students	are	working	at	the	board,	the	teacher	has	the
opportunity	to	observe	and	provide	individualized	instruction	and	immediate	feedback.	At
the	 same	 time,	 the	 format	 supports	 early	 intervention	 that	 prevents	 students	 from
practicing,	and	thus	reinforcing,	any	errors	they	make.

Gallery	Walks
Gallery	walks	 can	be	used	 in	many	ways,	 but	 they	 all	 promote	 the	 sharing	of	 students’
problem-solving	strategies	and	solutions.	Pairs	or	small	groups	of	students	can	record	their
pictures,	 tables,	 graphs,	 diagrams,	 computational	 procedures,	 and	 justifications	 on	 chart
paper	 that	 they	 hang	 in	 designated	 areas	 of	 the	 classroom	 prior	 to	 the	 debriefing
component	of	the	lesson.	Or,	simply	have	students	place	their	Student	Response	Forms	at
their	 workspaces	 and	 have	 students	 take	 a	 tour	 of	 their	 classmates’	 thinking.	 Though
suggested	occasionally	for	specific	mini-lessons,	you	can	include	this	strategy	with	any	of
the	mini-lessons.

Observation	Protocols
Observation	protocols	facilitate	the	data	gathering	that	teachers	must	do	as	they	document
evidence	of	 student	 learning.	Assessment	 of	 learning	 is	 a	 key	 component	 in	 a	 teacher’s
ability	to	say,	“I	know	that	my	students	can	apply	these	mathematical	ideas	because	I	have
this	evidence.”	Some	important	learning	behaviors	for	teachers	to	focus	on	include:	level
of	engagement	in	the	problem/task;	incorporation	of	multiple	representations;	inclusion	of
appropriate	 labels	 in	 pictures,	 tables,	 graphs,	 and	 solutions;	 use	 of	 accountable	 talk;
inclusion	 of	 reflection	 on	 their	 work;	 and	 connections	made	 between	 and	 among	 other
mathematical	 ideas,	 previous	problems,	 and	 their	 own	 life	 experiences.	There	 is	 no	one
right	 form,	 nor	 could	 all	 of	 these	 areas	 be	 included	 on	 a	 form	while	 leaving	 room	 for
comments.	 Protocols	 should	 be	 flexible	 and	 allow	 teachers	 to	 identify	 categories	 of
learning	 important	 to	 them	 and	 their	 students.	 An	 observation	 form	 is	 provided	 in	 the
appendices	(page	133;	obs.pdf).



Feedback
Feedback	is	a	critical	component	of	formative	assessment.	Teachers	who	do	not	give	letter
grades	on	projects,	quizzes,	or	tests,	but	who	provide	either	neutral	feedback	or	inquisitive
feedback,	find	their	students	take	a	greater	interest	in	the	work	they	receive	back	than	they
did	when	 their	 papers	were	 graded.	There	 are	 different	 types	 of	 feedback,	 but	 effective
feedback	focuses	on	the	evidence	in	student	work.	Many	students	respond	favorably	to	an
“assessment	 sandwich.”	 The	 first	 comment	 might	 be	 a	 positive	 comment	 or	 praise	 for
something	well	done,	 followed	by	a	 critical	question	or	 request	 for	 further	 clarification,
followed	by	another	neutral	or	positive	comment.

Exit	Cards
Exit	 cards	 are	 an	 effective	way	of	 assessing	 students’	 thinking	at	 the	 end	of	 a	 lesson	 in
preparation	for	future	instruction.	There	are	multiple	ways	in	which	exit	cards	can	be	used.
A	similar	problem	 to	 the	one	 students	have	previously	 solved	can	be	posed,	or	 students
can	be	asked	to	identify	topics	of	confusion,	what	they	liked	best,	or	what	they	think	they
learned	from	a	lesson.	Some	teachers	use	them	to	inform	the	following	day’s	instruction.
If	students	show	more	misconceptions	than	understanding	teachers	use	that	information	to
add	more	practice	with	 the	 concepts	 that	 caused	 the	difficulty.	Some	exit	 card	 tasks	 are
suggested	in	the	Differentiate	sections	of	the	mini-lessons,	but	they	may	be	added	to	any
mini-lesson.
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Lesson	Resources

Leveled	Problems



Each	activity	sheet	offers	leveled	problems	at	three	levels	of	challenge—below	level,	on
level,	and	above	level.	Cut	the	activity	sheet	apart	and	distribute	the	appropriate	problem
to	each	student,	or	present	all	of	the	leveled	problems	on	an	activity	sheet	to	every	student.

Observation	Form

Use	 the	Observation	 Form	 (page	 133)	 to	 document	 students’	 progress	 as	 they	 work
through	problems	on	their	own	and	with	their	peers.

Record-Keeping	Chart



Use	 the	Record-Keeping	Chart	 (page	134)	 to	 keep	 track	 of	 the	 problems	 each	 student
completes.

Student	Response	Form





	

Correlations	to	Standards
Shell	 Education	 is	 committed	 to	 producing	 educational	materials	 that	 are	 research-	 and
standards-based.	 In	 this	 effort,	 we	 have	 correlated	 all	 of	 our	 products	 to	 the	 academic
standards	 of	 all	 50	United	 States,	 the	District	 of	Columbia,	 the	Department	 of	Defense
Dependent	Schools,	and	all	Canadian	provinces.	We	have	also	correlated	to	the	Common
Core	State	Standards.

How	To	Find	Standards	Correlations
To	print	a	customized	correlation	report	of	this	product	for	your	state,	visit	our	website	at
http://www.shelleducation.com	 and	 follow	 the	 on-screen	 directions.	 If	 you	 require
assistance	 in	printing	correlation	 reports,	please	contact	Customer	Service	at	1-877-777-
3450.

Purpose	and	Intent	of	Standards
Legislation	 mandates	 that	 all	 states	 adopt	 academic	 standards	 that	 identify	 the	 skills
students	will	learn	in	kindergarten	through	grade	twelve.	Many	states	also	have	standards
for	Pre-K.	This	same	legislation	sets	requirements	to	ensure	the	standards	are	detailed	and
comprehensive.

Standards	are	designed	to	focus	instruction	and	guide	adoption	of	curricula.	Standards	are
statements	 that	 describe	 the	 criteria	 necessary	 for	 students	 to	 meet	 specific	 academic
goals.	 They	 define	 the	 knowledge,	 skills,	 and	 content	 students	 should	 acquire	 at	 each
level.	Standards	are	also	used	to	develop	standardized	tests	to	evaluate	students’	academic
progress.	 Teachers	 are	 required	 to	 demonstrate	 how	 their	 lessons	 meet	 state	 standards.
State	 standards	 are	used	 in	 the	development	of	 all	 of	 our	products,	 so	 educators	 can	be
assured	they	meet	the	academic	requirements	of	each	state.

McREL	Compendium
We	use	 the	Mid-continent	Research	for	Education	and	Learning	(McREL)	Compendium
to	create	 standards	 correlations.	Each	year,	McREL	analyzes	 state	 standards	 and	 revises
the	 compendium.	 By	 following	 this	 procedure,	 McREL	 is	 able	 to	 produce	 a	 general
compilation	 of	 national	 standards.	 Each	 lesson	 in	 this	 product	 is	 based	 on	 one	 or	more
McREL	standards,	which	are	listed	in	each	lesson.

TESOL	Standards
The	 lessons	 in	 this	 book	 promote	 English	 language	 development	 for	 English	 language
learners.	The	standards	listed	on	the	Teacher	Resource	CD	(tesol.pdf)	support	the	language
objectives	presented	throughout	the	lessons.

Common	Core	State	Standards

http://www.shelleducation.com


The	 lessons	 in	 this	book	are	aligned	 to	 the	Common	Core	State	Standards	 (CCSS).	The
standards	listed	on	pages	27–31	(ccss.pdf)	support	the	objectives	presented	throughout	the
lessons.

NCTM	Standards
The	lessons	in	this	book	are	aligned	to	the	National	Council	of	Teachers	of	Mathematics
(NCTM)	standards.	The	standards	listed	on	the	Teacher	Resource	CD	(nctm.pdf)	support
the	objectives	presented	throughout	the	lessons.

Common	Core	State	Standards	Correlation



Common	Core	Standard Lesson

5.OA.1	Use	parentheses,
brackets,	or	braces	in
numerical	expressions,	and
evaluate	expressions	with
these	symbols.

In	What	Order?,	page	32;
Order	Counts,	page	34

5.OA.2	Write	simple
expressions	that	record
calculations	with	numbers,
and	interpret	numerical
expressions	without
evaluating	them.

In	What	Order?,	page	32;
How	Else	Might	I	Look?,
page	40

5.OA.3	Generate	two
numerical	patterns	using	two
given	rules.	Identify	apparent
relationships	between
corresponding	terms.	Form
ordered	pairs	consisting	of
corresponding	terms	from	the
two	patterns,	and	graph	the
ordered	pairs	on	a	coordinate
plane.

Geometric	Patterns,	page
38;	Where	Am	I?,	page	42;
How	Do	I	Change?,	page
44;	What’s	Our	Relation?,
page	46
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Common	Core	Standard Lesson

5.NBT.1	Recognize	that	in	a
multi-digit	number,	a	digit
in	one	place	represents	10
times	as	much	as	it
represents	in	the	place	to	its
right	and	 	of	what	it
represents	in	the	place	to	its
left.

Name	My	Number,	page
48

5.NBT.5	Fluently	multiply
multi-digit	whole	numbers
using	the	standard
algorithm.

Rectangular	Products,	page
50;	Grouping	or	Sharing?,
page	54

5.NBT.6	Find	whole-
number	quotients	of	whole
numbers	with	up	to	four-
digit	dividends	and	two-
digit	divisors,	using
strategies	based	on	place
value,	the	properties	of
operations,	and/or	the
relationship	between
multiplication	and	division.
Illustrate	and	explain	the
calculation	by	using
equations,	rectangular
arrays,	and/or	area	models.

Whatever	Remains,	page
52;	Grouping	or	Sharing?,
page	54

5.NBT.7	Add,	subtract,
multiply,	and	divide
decimals	to	hundredths,
using	concrete	models	or
drawings	and	strategies
based	on	place	value,
properties	of	operations,
and/or	the	relationship
between	addition	and

Dealing	with	Decimals,
page	56;	Travel	Expenses,
page	60;	Computing	with
Decimals,	page	62;
Dizzying	Decimals,	page
64;	Estimating	Decimals,
page	66;	About	How
Much?,	page	68
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subtraction;	relate	the
strategy	to	a	written	method
and	explain	the	reasoning
used.

	



Common	Core	Standard Lesson

5.NF.1	Add	and	subtract	fractions
with	unlike	denominators
(including	mixed	numbers)	by
replacing	given	fractions	with
equivalent	fractions	in	such	a	way
as	to	produce	an	equivalent	sum	or
difference	of	fractions	with	like
denominators.

Fractional	Sums,	page	74;	What’s
the	Difference?,	page	76;	It’s
Close	to	What?,	page	78;	More	or
Less,	page	80

5.NF.2	Solve	word	problems
involving	addition	and	subtraction
of	fractions	referring	to	the	same
whole,	including	cases	of	unlike
denominators,	e.g.,	by	using	visual
fraction	models	or	equations	to
represent	the	problem.	Use
benchmark	fractions	and	number
sense	of	fractions	to	estimate
mentally	and	assess	the
reasonableness	of	answers.

Fractional	Sums,	page	74;	What’s
the	Difference?,	page	76;	It’s
Close	to	What?,	page	78;	More	or
Less,	page	80

5.NF.4	Apply	and	extend	previous
understandings	of	multiplication	to
multiply	a	fraction	or	whole
number	by	a	fraction.

The	Product	Is	Smaller,	page	84;
Fair	Sharing,	Equal	Groups,	page
86;	Map	Reading,	page	88

5.NF.6	Solve	real-world	problems
involving	multiplication	of
fractions	and	mixed	numbers,	e.g.
by	using	visual	fraction	models	or
equations	to	represent	the	problem.

The	Product	Is	Smaller,	page	84;
Fair	Sharing,	Equal	Groups,	page
86;	Map	Reading,	page	88

5.NF.7c	Solve	real-world	problems
involving	division	of	unit	fractions
by	non-zero	whole	numbers	and
division	of	whole	numbers	by	unit

Fractional	Areas,	page	82
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fractions,	e.g.,	by	using	visual
fraction	models	and	equations	to
represent	the	problem.	For
example,	how	much	chocolate	will
each	person	get	if	3	people	share	
lb	of	chocolate	equally?	How	many
-cup	servings	are	in	2	cups	of

raisins?

	



Common	Core	Standard Lesson

5MD.1	Convert	among	different-
sized	standard	measurement	units
within	a	given	measurement	system
(e.g.,	convert	5	cm	to	0.05	m),	and
use	these	conversions	in	solving
multi-step,	real-world	problems.

What’s	My	Unit?,	page	98;
Metrically	Speaking,	page	100;
How	Much	Is	There?,	page	102

5.MD.2	Make	a	line	plot	to	display
a	data	set	of	measurements	in
fractions	of	a	unit	 	Use
operations	on	fractions	for	this
grade	to	solve	problems	involving
information	presented	in	line	plots.

The	Plot	Thickens,	page	112

5.MD.3	Recognize	volume	as	an
attribute	of	solid	figures	and
understand	concepts	of	volume
measurement.

Volume	in	Practice,	page	96

5.MD.4	Measure	volumes	by
counting	unit	cubes,	using	cubic
cm,	cubic	in,	cubic	ft,	and
improvised	units.

Fill	It	Up,	page	90;	Cubic	Views,
page	94

5.MD.5	Relate	volume	to	the
operations	of	multiplication	and
addition	and	solve	real	world	and
mathematical	problems	involving
volume.

Volume	in	Practice,	page	96
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Common	Core	Standard Lesson

5.G.1	Use	a	pair	of	perpendicular
number	lines,	called	axes,	to	define	a
coordinate	system,	with	the	intersection
of	the	lines	(the	origin)	arranged	to
coincide	with	the	0	on	each	line	and	a
given	point	in	the	plane	located	by	using
an	ordered	pair	of	numbers,	called	its
coordinates.	Understand	that	the	first
number	indicates	how	far	to	travel	from
the	origin	in	the	direction	of	one	axis,
and	the	second	number	indicates	how
far	to	travel	in	the	direction	of	the
second	axis,	with	the	convention	that	the
names	of	the	two	axes	and	the
coordinates	correspond	(e.g.,	x-axis	and
x-coordinate,	y-axis	and	y-coordinate).

Where	Am	I?,	page	42;	Plots	A	Lot,
page	120;	Graph	It,	page	130

5.G.2	Represent	real-world	and
mathematical	problems	by	graphing
points	in	the	first	quadrant	of	the
coordinate	plane,	and	interpret
coordinate	values	of	points	in	the
context	of	the	situation.

Where	Am	I?,	page	42;	Plots	A	Lot,
page	120

5.G.3	Understand	that	attributes
belonging	to	a	category	of	two-
dimensional	figures	also	belong	to	all
subcategories	of	that	category.	For
example,	all	rectangles	have	four	right
angles	and	squares	are	rectangles,	so	all
squares	have	four	right	angles.

Congruency,	page	116;	Classifying
Figures,	page	118;	Sort	It	Out,	page
126

5.G.4	Classify	two-dimensional	figures
in	a	hierarchy	based	on	properties.

Classifying	Figures,	page	118
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Operations	and	Algebraic	Thinking

In	What	Order?

Standards

• Determines	 the	 effects	 of	 addition,	 subtraction,	 multiplication,	 and	 division	 on
size	and	order	of	numbers

• Understands	the	properties	of	and	the	relationships	among	addition,	subtraction,
multiplication,	and	division

Overview
Students	solve	problems	using	the	order	of	operations	with	parentheses.

Problem-Solving	Strategies
• Act	it	out	or	use	manipulatives

• Guess	and	check	or	make	an	estimate

• Use	logical	reasoning

Materials
• In	What	Order?	(page	33;	whatorder.pdf)

• Order	of	Operations	Hopscotch	(hopscotch.pdf)

• index	cards	with	the	symbols	+,	–,	×,	÷,	(,	and)

• tape

• Student	Response	Form	(page	132;	studentresponse.pdf)	(optional)

Activate
1. Ask	students	to	solve	the	expression	18	+	6	÷	3	×	2.	Record	students’	responses	on

the	board.	Answers	will	likely	include	16,	19,	4,	or	22.	In	small	groups,	challenge
students	 to	 discuss	 how	 it	 is	 possible	 to	 get	 so	 many	 different	 answers	 to	 one
computation.

2. Distribute	copies	of	Order	of	Operations	Hopscotch	 to	students	and	 lead	 them	in
playing	the	game	to	review	order	of	operations.

3. Write	 four	 number	 5s	 on	 the	 board	 in	 a	 row	with	 space	 between	 each	 number.
Challenge	students	to	tape	the	index	cards	with	the	symbols	+,	–,	×,	÷,	(,	or)	in	the
appropriate	spaces	to	make	the	expression	equal	10.	[5	×	5	÷	5	+	5	=	10	or	(5	+	5)
÷	5	×	5	=	10]

4. Invite	several	volunteers	with	different	solutions	to	share	their	work.



Solve
1. Distribute	 copies	 of	 In	 What	 Order?	 to	 students.	 Have	 students	 work	 alone,	 in

pairs,	or	in	small	groups.

2. Observe	students	working	on	the	problems	and	listen	to	 the	language	they	use	 to
determine	the	order	of	operations.	Pay	close	attention	to	addition	and	subtraction	to
ensure	that	they	are	working	from	left	to	right.

Debrief
1. Why	 do	 you	 think	 mathematicians	 want	 everyone	 to	 compute	 using	 the	 same

order?

2. How	might	you	explain	to	a	younger	student	the	manner	in	which	we	compute?

Differentiate	

Provide	students	with	several	opportunities	to	play	Order	of	Operations	Hopscotch.

In	What	Order?	

Jeanie	had	 to	 simplify	each	expression	 for	 a	quiz	 and	was	 told	 to	 justify	her	 answer	by
showing	 all	 her	 computations.	 She	 used	 the	 order	 of	 operations	 to	 evaluate	 each
expression.	Is	she	correct?	If	so,	how	do	you	know?	If	not,	how	should	she	have	simplified
the	expressions?

In	What	Order?	

Jose	made	up	some	practice	problems	to	get	ready	for	his	math	test.	How	might	he	use	the
order	of	operations	to	evaluate	each	expression?	Show	each	step.

a.	3	+	(9	÷	3	×	3)	–	5	×	2

b.	10	÷	5	×	(2	+	20	×	3)	–	15

In	What	Order?	

Mandy	found	the	following	challenge	in	a	puzzle	book.	Use	the	symbols	(	),	+,	–,	or	÷	to
make	a	true	equation.	How	can	Mandy	make	each	equation	true?



a.	4				4				4				4	=	36

b.	4				4				4				4	=	48
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